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Abstract 



We establish square function estimates for integral operators on uniformly rectifiable 
sets by proving a local T{b) theorem and applying it to show that such estimates are 
stable under the so-called big pieces functor. More generally, we consider integral operators 
associated with Ahlfors-David regular sets of arbitrary codimension in ambient quasi-metric 
spaces. The local T(b) theorem is then used to establish an inductive scheme in which square 
function estimates on so-called big pieces of an Ahlfors-David regular set are proved to be 
sufficient for square function estimates to hold on the entire set. Extrapolation results 
for L p and Hardy space versions of these estimates are also established. Moreover, we 
prove square function estimates for integral operators associated with variable coefficient 
kernels, including the Schwartz kernels of pscudodiffcrcntial operators acting between vector 
bundles on subdomains with uniformly rectifiable boundaries on manifolds. 
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1 Introduction 



The purpose of this work is three-fold: first, to develop the so-called "local T(b) theory" 
for square functions in a very general context, in which we allow the ambient space to be of 
homogeneous type, and in which the "boundary" of the domain is of arbitrary (positive integer) 
co-dimension; second, to use a special case of this local T(b) theory to establish boundedness, 
for a rather general class of square functions, on uniformly rectifiable sets of codimension one 
in Euclidean space; and third, to establish an extrapolation principle whereby an LP (or even 
weak-type L p ) estimate for a square function, for one fixed p, yields a full range of LP bounds. 
We shall describe these results in more detail below, but let us first recall some of the history 
of the development of the theory of square functions. 

Referring to the role square functions play in mathematics, E. Stein wrote in 1982 (cf. j70j ) 
that " [square] functions are of fundamental importance in analysis, standing as they do at the 
crossing of three important roads many of us have travelled by: complex function theory, the 
Fourier transform (or orthogonality in its various guises), and real-variable methods." In the 
standard setting of the unit disc B in the complex plane, the classical square function Sf of 
some / : T — > C (with T := dD) is defined in terms of the Poisson integral Uf(r,u) of / in B 
(written in polar coordinates) by the formula 

(Sf)(z):=([ \(Vu f )(r,oj)\ 2 rdrdu) 1/2 , zGT, (1.1) 

where T(z) stands for the Stolz domain {(r, w) : |arg(z) — oj\ < 1 — r < ^} in B. Let v denote 
the (normalized) complex conjugate of Uf in B. Then, if the analytic function F := uj + iv 
is one-to-one, the quantity (Sf)(z) 2 may be naturally interpreted as the area of the region 
F(T(z)) C C (recall that det(-DF) = \Vu f \ 2 ). The operator {HJ was first considered by Lusin 
and the observation just made justifies the original name for (jl.ip as Lusin's area function (or 
Lusin's area integral). A fundamental property of S, originally proved by complex methods 
(cf. \12\ Theorem 3, pp. 1092-1093], and [30] for real-variable methods) is that 

\\Sf\\ LP (j) « ||/||fl*(T) for p£(0,oo), (1.2) 

which already contains the if p -boundedness of the Hilbert transform. Indeed, if F = u + iv is 
analytic then the Cauchy-Riemann equations entail |Vu| = |Vu| and, hence, S(u\j) = S(v\j). 
In spite of the technical, seemingly intricate nature of (jl.ip and its generalizations to higher 
dimensions, such as 

(Sf)(x) := ( / ^Vuj^y^t^dydt) 1 ' 2 , x E R n := dR n + +\ (1.3) 

K J\x-y\<t ' 

a great deal was known by the 1960's about the information encoded into the size of Sf, 
measured in LP ', thanks to the pioneering work of D.L. Burkholder, A. P. Calderon, C. Feffer- 
man, R.F. Gundy, N. Lusin, J. Marcinkiewicz, C. Segovia, M. Silverstein, E.M. Stein, and A. 
Zygmund, among others. See, e.g., [10], [11], [12], [30], [67], [69], [70], [71], and the references 
therein. 

Subsequent work by B. Dahlberg, E. Fabes, D. Jerison, C. Kenig and others, starting 
in the late 1970's (cf. [20j, [21], [28], [55], [65]), has brought to prominence the relevance of 
square function estimates in the context of partial differential equations in non-smooth settings, 
whereas work by D. Jerison and C. Kenig [53] in the 1980's as well as G. David and S. Semmes 
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in the 1990's (cf. [25], |26j ) has lead to the realization that square function estimates are 
also intimately connected with the geometry of sets (especially geometric measure theoretic 
aspects). More recently, square function estimates have played an important role in the solution 
of the Kato problem in @5] , [H] , [3] . 

The operator S defined in (jl.ip is obviously non-linear but the estimate 

||S7|| L * < C\\f\\ HP (1.4) 

may be linearized by introducing a suitable (linear) vector-valued operator. Specifically, set 
T := {(z,t) E : \z\ < t} and consider the Hilbert space 

/i 
\h{z,t)\ 2 t l - n dtd z y 2 < oo}. (1.5) 

Also, let Sf : M n -> Jf? be defined by the formula 

((5/)(a?))(z,t) := (Vu f )(x-z,t), Vx G M n , V (z, t) G T, (1.6) 

i.e., S* is the integral operator (mapping scalar- valued functions defined on M. n into Jtf '-valued 
functions defined on M n ), whose kernel : M™ x R n \ diagonal — > J4f, which is of convolution 
type, is given by (k(x,y))(z,t) := (VP t )(x — y — z), for all x,y G K n , x ^ y, and (z,i) G T, 
where Pt(x) is the Poisson kernel in Then, if L p (M n , Jtff) stands for the Bochner space 

of Jtf '-valued, p-th power integrable functions on M n , it follows that 

1 1 57 1 1 LP < C\\f\\ H p(^n) <^=^ ||5'/||xp( K n ) ^ < C\\f\\ H p( R ny (1.7) 

The relevance of the linearization procedure described in (jl.5p - (jl.7p is that it highlights the 
basic role of the case p = 2 in (II. 4p . This is because the operator S falls within the scope 
of theory of Hilbert space-valued singular integral operators of C alder on- Zygmund type for 
which boundedness on L 2 automatically extrapolates to the entire scale L p , for 1 < p < oo 
(the extension to the case when p < 1 makes use of other specific features of S). 

From the point of view of geometry, what makes the above reduction to the case p = 2 work 
is the fact that the upper-half space has the property that x + V C IR" +1 for every x G cM™ +1 . 
Such a cone property actually characterizes Lipschitz domains (cf. [47]). in which scenario this 
is the point of view adopted in [64} Theorem 4.11, p. 73]. 

Hence, S may be eminently regarded as a singular integral operator with a Hilbert space- 
valued Calderon-Zygmund kernel and, as such, establishing the L 2 bound 

H<S7llz2(Rv.if) - C \\f\\L2{R™) (1-8) 

is of basic importance to jump-start the study of the operator S. Now, as is well-known (and 
easy to check; see, e.g., \71\ pp. 27-28]), (jl.8p follows from Fubini's and Plancherel's theorems. 

For the goals we have in mind in the present work, it is worth recalling a quote from 
C. Fefferman's 1974 ICM address [29] where he writes that "When neither the Plancherel 
theorem nor Cotlar's lemma applies, L 2 -boundedness of singular operators presents very hard 
problems, each of which must (so far) be dealt with on its own terms." For scalar singular 
integral operators, this situation began to be remedied in 1984 with the advent of the T(l)- 
Theorem, proved by G. David and J.-L. Journe in [23] . This was initially done in the Euclidean 
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setting, using Fourier analysis methods. It was subsequently generalized and refined in a 
number of directions, including the extension to spaces of homogeneous type by R. Coifman 
(unpublished, see the discussion in [13])) an d the T(b) Theorems proved by A. Mcintosh and 
Y. Meyer in [58], and by G. David, J.L. Journe and S. Semmes in [23]. The latter reference also 
contains an extension to the class of singular-integral operators with matrix- valued kernels. 
The more general case of operator-valued kernels has been treated by Figiel [31] and by T. 
Hytonen and L. Weis [52], who prove T(l) Theorems in the spirit of the original work in p3j for 
singular integrals associated with kernels taking values in Banach spaces satisfying the UMD 
property. Analogous Tip) theorems were obtained by Hytonen [49] (in Euclidean space) and 
by Hytonen and Martikainen [50] (in a metric measure space). Yet in a different direction, 
initially motivated by applications to the theory of analytic capacity, L 2 -boundedness criteria 
which are local in nature appeared in the work of M. Christ [H]. Subsequently, Christ's local 
Tip) theorem has been extended to the setting of non-doubling spaces by F. Nazarov, S. Treil 
and A. Volberg in [66]. Further extensions of the local Tip) theory for singular integrals appear 
in [5], 0, [6] and [EE]. 

Much of the theory mentioned in the preceding paragraph has also been developed in 
the context of square functions, as opposed to singular integrals. In the convolution setting 
discussed above, (]1.8p follows immediately from Plancherel's theorem, but the latter tool fails 
in the case when is replaced by a domain whose geometry is rough (so that, e.g., the cone 
property is violated), and/or one considers a square- function operator whose integral kernel 
9(x,y) is no longer of convolution type (as was the case for S). A case in point is offered by 
the square-function estimate of the type 

POO 

J o WWhwj < c\\f\\l HRn) , (1.9) 

where 

(G t f)(x):= [ 6 t (x,y)f(y)dy, xeR n , t > 0, (1.10) 

JR™ 

with {0t(-, -)}t>o a standard Littlewood-Paley family, i.e., satisfying for some exponent a > 0, 

(t + \x-y\) n+ 



(x,y)\ < C . ■ , ^ ,. .„ and (1.11) 



\y-y na 



\e t (x,y)-e t (x,y')\<C {t ^ x _^ )n+a if \y-y'\<t/2. (1.12) 

Then, in general, linearizing estimate (jl.9p in a manner similar to (jl.7p yields an integral 
operator which is no longer of convolution type. As such, Plancherel's theorem is no longer 
directly effective in dealing with (|1.9p given that the task at hand is establishing the 1?- 
boundedness of a variable kernel (Hilbert-valued) singular integral operator. However, M. 
Christ and J.-L. Journe have shown in |15] (under the same size/regularity conditions in 
(jl.lip - (]1.12p ) that the square function estimate (I1.9P is valid if the following Carleson measure 
condition holds: 

sup([ m -f |( 0i l)(x)| 2 ^) <oo, (1.13) 

ll^ ran \ In In t / 
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where the supremum is taken over all cubes Q in M. n . The latter result is also implicit in the 
work of Coifman and Meyer [T7]. Moreover, S. Semmes' has shown in [68] that, in the above 
setting, (|1.9p holds if there exists a para-accretive function b such that (|1.13p holds with "1" 
replaced by "6" . 

Refinements of Semmes' global T(b) theorem for square functions, in the spirit of M. Christ's 
local T(b) theorem for singular integrals [14J, have subsequently been established in [2], [39J, 
|40| . The local T(b) theorem for square functions which constitutes the main result in |40j 
reads as follows. Suppose 6>t is as in (jl.lOp with kernel satisfying (|l.lip - (|1.12p as well as 



x l\a 



\e t (x,y)-9 t (x',y)\<C {t ^ x _^ n+Q if \x - x'\ < t/2. (1.14) 

In addition, assume that there exists a constant C £ (0, oo) along with an exponent q E (1, oo) 
and a system {6q}q of functions indexed by dyadic cubes Q in M n , such that for each dyadic 
cube Q C M. n one has: 

(i) J M n\b Q (x)\«dx<C \Q 

(ii) cr|Q| < / R „ b Q {x)dx 

(iii) I Q (lo iQ) \(®tb Q )(x)\ 2 f) q/2 dx < C \Q\. 
Then the square function estimate (jl.9p holds. The case q = 2 of this theorem does not require 
(|1.14p (just regularity in the second variable, as in (|1.12p j^l. and was already implicit in the 
solution of the Kato problem in [43], jH], [3]. It was formulated explicitly in [2], [39]. An 
extension of the result of [40] to the case that the half-space is replaced by M. n+1 \ E, where 
E is a closed Ahlfors-David regular set (cf. Definition 12.91 below) of Hausdorff dimension n, 
appears in [33]. The latter extension has been used to prove a result of free boundary type, in 
which higher integrability of the Poisson kernel, in the presence of certain natural background 
hypotheses, is shown to be equivalent to uniform rectifiability (cf. Definition 15.41 below) of the 
boundary |43j . |44| . Further extensions of the result of [40], to the case in which the kernel Of 
and pseudo-accretive system 6q may be matrix- valued (as in the setting of the Kato problem) , 
and in which 6t need no longer satisfy the pointwise size and regularity conditions (jl.lip - (ll,12p . 
will appear in the forthcoming Ph.D. thesis of A. Grau de la Herran |32j. 

A primary motivation for us in the present work is the connection between square function 
bounds (or their localized versions in the form of "Carleson measure estimates"), and a quan- 
titative, scale invariant notion of rectifiability. This subject has been developed extensively by 
David and Semmes [25], [26j (but with some key ideas already present in the work of P. Jones 
[54] ) . Following [25] , [26] , we shall give in the sequel (cf . Definition I5.4p , a precise definition 
of the property that a closed set E is "Uniformly Rectifiable" (UR), but for now let us merely 
mention that UR sets are the ones on which "nice" singular integral operators are bounded 
on L 2 . David and Semmes have shown that these sets may also be characterized via certain 
square function estimates, or equivalently, via Carleson measure estimates. For example, let 
E C M ra+1 be a closed set of codimension one, which is (n-dimensional) Ahlfors-David regular 
(ADR) (cf. Definition 12.91 below) . Then E is UR if and only if we have the Carleson measure 
estimate 

supr" n / \(V 2 S1) (x)\ 2 dist(x, E)dx <oc, (1.15) 

B Jb 



In fact, even the case 9 / 2 does not require (|1.14|) , if the vertical square function is replaced by a conical 
one; see [32] for details. 
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where the supremum runs over all Euclidean balls B := B(z,r) C R n+1 , with r < diam(E), 
and center z S E, and where 5/ is the harmonic single layer potential of the function /, i.e., 



Sf(x):=c n [ \x-y\ 1 - n f(y)dn n (y), 

JE 



x 6 



pn+l 



\E. 



(1.16) 



Here T~L n denotes n-dimensional Hausdorff measure. For an appropriate normalizing constant 
is the usual fundamental solution for the Laplacian in R n+ . We refer the reader to 



Cr). % 



1-n 



[26] for details, but see also Section H] where we present some related results. We note that by 
"TV reasoning (cf. Section [3] below), (|1.15|) is equivalent to the square function bound 



\(V 2 Sf)(x)\ 2 dist(x,E)dx <C [ \f(x)\ 2 dH r 

1\E JE 



(1.17) 



Using an idea of P. Jones |54| . one may derive, for UR sets, a quantitative version of the 
fact that rectifiability may be characterized in terms of existence a.e. of approximate tangent 
planes. Again, a Carleson measure is used to express matters quantitatively. For x G E and 
t > we set 



B(x,t)nE 



dist(y,P) 



1/2 



dH n (y) 



(1.18) 



where the infimum runs over all n-planes P. Then a closed, ADR set E of codimension one is 
UR if and only if the following Carleson measure estimate holds on E x M + : 



sup r 

x eE, r>0 



dt 



JB(x ,t)nE 



(3 2 {x,ty dU n {x)— < oo. 



t 



(1.19) 



See [25] for details, and for a formulation in the case of higher codimension. A related result, 
also obtained in [25], is that a set E as above is UR if and only if, for every odd ip G C^°(IR n+1 ), 
one has the following discrete square function bound 



E 



■k—kn„ 



ii{2- k (x-y))f(y)dn n (y) 



dU n (x) <C^ [ \f{x)\ 2 dU n (x). (1.20) 

JE 



Again, there is a Carleson measure analogue, and also a version for sets E of higher codimen- 
sion. 

The following theorem collects some of the main results in our present work. It generalizes 
results described earlier in the introduction, which were valid in the codimension one case, 
and in which the ambient space SC was Euclidean. To state it, recall that (in a context to be 
made precise below) a measurable function b : E — > C is called para-accretive if it is essentially 
bounded and there exist constants c, C G (0, oo) such that the following conditions are satisfied: 



VQ £ D(E) 3QeD(£) such that QCQ, £(Q)>c£(Q), 
Other relevant definitions will be given in the sequel. 



lb do 

J Q 



> c. 



1.21] 
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Theorem 1.1. Suppose that (X,p,p) is an m- dimensional ADR space for some m > and 
fix a number d G (0, m). Also, let 

9 : ( X x X) \ {(x, x) : x G X} — > M (1.22) 

6e a function which is Borel measurable with respect to the product topology T p x r p , and which 
has the property that there exist finite positive constants Cg, a, v such that for all x,y G X 
with x ^ y the following hold: 



p(x,y) c 



\0(x,y)-9(x,y)\<C 9 /^-fa ' VyGJT\{x} with p(y,y) < \p{x, y). (1.24) 

Assume that E is a closed subset of (X,r p ) and that a is a Borel regular measure on (E,r p \ E ) 
such that (E, p\ E ,o~) is a d-dimensional ADR space, and define the integral operator = Qe 
for all functions f G L P {E, a), 1 < p < oo, by 

(6/)(z):= / 0(x,y)f(y)da(y), VxeX\E. (1.25) 

JE 

Let D(E) denote a dyadic cube structure on E and, for each Q G D(E), denote by Te(Q) the 
dyadic Carleson tent over Q. Finally, let p# be the regularized version of the quasi- distance p 
as in Theorem \2.2\ and, for each x G X, set Se(x) := inf{p#(x, y) : y G E}. 
Then the following are equivalent: 

(1) [L 2 square function estimate] There exists C G (0, oo) with the property that for each 
f G L 2 (E,a) one has 

[ \(Qf)(x)\ 2 6 E (x) 2v -^- d Up(x)<C [ \f(x)\ 2 da(x). (1.26) 

J X\E JE 

(2) [Carleson measure condition on dyadic tents for G tested on 1] There holds 



sup 



QeD(E) V ^' JT E (Q) 



(6l)(x)| 2 5 E (x) 2v - (m - d) dp(x) \ <oo. (1.27) 



(3) [Carleson measure condition on dyadic tents for acting on L°°] There exists a 
constant C G (0, oo) with the property that for each f G L°°(E,a) 

/ \ 1/2 

sup Uy/ \{Qf){x)\ 2 5 E {x) 2 ^ m - d Up(x)\ <C[|/[| £0 o (£)<T) . (1.28) 
Q&(E) \ w > JT E (Q) J 

(4) [Carleson measure condition on balls for tested on 1] There holds 

sup (-, 1 rf |91| 2 4 u - (m - d) dp, | < oo. (1.29) 

x&E,r>0 \°{Er\B p# {x,r)) J Bp# (x,r)\E J 
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(5) [Carleson measure condition for G tested on a para-accretive function] There ex- 
ists a para- accretive function 6 : E — )■ C with the property that 



sup 



Te(Q) 



\{Qh){x)\ 2 5 E {x) 2v -^ m - d) dn{x) < oo. 



(1.30) 



(6) [Carleson measure condition on balls for acting on L°°] There exists C G (0, oo) 
with the property that for each f G L°° (E, a) 

sup ( , 1 , / |G/| 2 4"- (m - d) ^CII/IUo.^). (1.31) 

X6£,r>0 \ v ^( i SnB p# (x,r)J J Bp ^(x,r)\E J 

(7) [Local T(b) condition on dyadic cubes] There exist two finite constants Cq > 1 and 
Co G (0,1], a/on<? mt/i a collection {6q} QeD(s) of a -measurable functions 6q : -E — )• C 
suc/i i/iai /or eac/i Q G D(-E) £/ie following hold: 



\b Q \ 2 da<C a(Q), 



Jq b Q da > ^ o-(Q) /or some QCQ, £(Q) > c £(Q), 
[ \(Qb Q )(x)\ 2 5 E (x) 2 ^ m - d ) dii{x) < C a(Q). 



[1.32) 



'T E (Q) 

(8) [Local T(b) condition on surface balls] There exist Cq G [l,oo) and, for each surface 
ball A = A(x ,r) := B p# (x ,r) Pi E, where x Q is a point in E and r is a finite number 
in (0, diarrip(i^)] ; a a -measurable function 6 a : E — )• C supported in A, such that the 
following estimates hold: 



f \b A \ 2 da<C a(A), 
Je 



6 a da 



>tU(A), 



B p# (x ,2C p r)\E 



\{eb A ){x)\ 2 5 E {x) 2v -^ d^x) < Coo-(A). 



(1.33) 



(9) [Big Pieces of Square Function Estimate] The set E has BPSFE relative to the kernel 
9 (cf. Definition\4.1\). 



(10) [Iterated Big Pieces of Square Function Estimate] The set E has (BP) SFE rela- 
tive to the kernel 9 (cf. Definition^. J$ for some, or any, k G N. 



(11) [Weak-L p square function estimate] There exist an exponent p G (0, oo) and constants 
C,K G (0,oo) such that for every f G L p (E,a) 



sup 

A>0 



\-alixeE 



l(©/)(y)l 



2 d Kv) 



\m—2v 



> A 



}) VP <c(J E \f\vda) 1/P , (1.34) 



r„(x) s e(v) 
where T K (x) stands for the nontangential approach region defined in (|6.1 
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(12) [Hardy and LP square function estimates] Set 7 := min {a, (log 2 C p ) -1 }. Then for 
each p G (^p^,oo) the operator extends to the space H P (E, p\e,o~), defined as the 
Lebesgue space LP(E,a) if p G (l,oo), and the Coif man-Weiss Hardy space on the space 
of homogeneous type (E,p\e,ct) if p G {-3^ A], and this extension satisfies 

< C\\f\\ HP{E , pM , (1.35) 

for each function f G H P (E, p\e,ct). 

(13) [Mixed-norm space estimate] For each p G (gq^,oo), with 7 := min {a, (log 2 C p ) _1 } ; 
and each q G (l,oo), the operator 

S E ~ m/q & : H p (E,p\ E ,a) — > L^ p ' q \^ , E) (1.36) 

is well-defined, linear and bounded, where L i - p,q \^',E) is the mixed norm space defined 
in rffUO]) . 

A few comments pertaining to the nature and scope of Theorem II .11 are in order. 

• Theorem 11.11 makes the case that estimating the square function in L p , along with other 
related issues considered above, may be regarded as "zeroth order calculus" , since only integra- 
bility and quasi-metric geometry are involved, without recourse to differentiability (or vector 
space structures). In particular, our approach is devoid of any PDE results and techniques. 
Compared with works in the upper-half space M. n x (0, 00), or so-called generalized upper-half 
spaces E x (0, 00) (cf., e.g., [33] and the references therein), here we work in an ambient S£ with 
no distinguished "vertical" direction. Moreover, the set E is allowed to have arbitrary ADR 
co-dimension in the ambient X . In this regard we also wish to point out that Theorem 11.11 
permits the consideration of fractal subsets of the Euclidean space (such as the case when E 
is the von Koch's snowflake in M 2 , in which scenario d = j^-|). 

• Passing from L? estimates to LP estimates is no longer done via a linearization procedure 
(since the environment no longer permits it) and, instead, we use tent space theory and exploit 
the connection between the Lusin and the Carleson operators on spaces of homogeneous type 
(thus generalizing work from |16j in the Euclidean setting) . This reinforces the philosophy that 
the square- function is a singular integral operator at least in spirit (if not in the letter). 

• The various quantitative aspects of the claims in items (l)-(ll) of Theorem 11.11 are 
naturally related to one another. The reader is also alerted to the fact that similar results to 
those contained in Theorem 11.11 are proved in the body of the manuscript for a larger class of 
kernels (satisfying less stringent conditions) than in the theorem above. The specific way in 
which Theorem 11.11 follows from these more general results is discussed in §0 

We now proceed to describe several consequences of Theorem 11.11 for subsets E of the 
Euclidean space. First we record the following square function estimate, which extends work 
from [25] . 

Theorem 1.2. Suppose that E is a closed subset o/R n+1 which is d-dimensional ADR for some 
d G {1, ...,n} and denote by a the surface measure induced by the d-dimensional Hausdorff 
measure on E. Assume that E has big pieces of Lipschitz images of subsets ofM. d , i.e., there 
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exist e, M G (0, oo) so that for every x G E and every R G (0, oo), there is a Lipschitz mapping 
tp with Lipschitz norm < M from the ball B d (0,R) in R d into R n+1 such that 



a (EH B(x, R) n <p(B d (0, R)fj < eR d . 



(1.37) 



Suppose ifi : R n+1 — > R is a compactly supported, smooth, odd function and for each k G Z set 
ipk(z) '■= 2 _fcc V(^) f or x ^ R n+1 . Then for every q G (l,oo) and every p G (^qrpOo) there 
exists C G (0, 00) such that 



+00 „ 

(E / / 

V ,,_ „ ^ j£A(i,2 fc ) J£ 



V'fc^ - y)f( z ) do-(z) do{y) 



<C\\f\\ 



HP(E,a) 



(1.38) 



for every f G H P (E, a), where A(x, 2 k ) := {y G E : \y — x\ < 2 k } for each i££ and k G Z. 
The particular case when p = q = 2, in which scenario (|1.38p takes the form 



+00 

E 



ipk(x - y)f(y) da(y) 



do-(x) <C f |/| 2 da, 
Je 



(1.39) 



has been treated in |25l §3, p. 21]. The main point of Theorem 11.21 is that (jl.39p continues to 
hold, when formulated as in f| 1 . 38 1) for every p G (^rj, 00). The proof of this result, presented 
in the last part of §[71 relies on Theorem 11.11 and uses the fact that no regularity condition on 
the kernel 6(x,y) is assumed in the variable x (compare with (ll.23p - (ll.24p ). 

Next, we discuss another consequence of Theorem 1 1.1 1 in the Euclidean setting which gives 
an extension of results due to G. David and S. Semmes. 



Theorem 1.3. Suppose that K is a real-valued function satisfying 

K G C 2 (R" +1 \ {0}), K is odd, and 
K(\x) = \- n K(x) for all A > 0, x G R n+1 \ {0}. 



(1.40) 



Let E be a closed subset o/R™ +1 which is n-dimensional ADR, denote by a the surface measure 
induced by the n-dimensional Hausdorff measure on E, and define the integral operator T acting 
on functions f G L p (E,o-), 1 < p < 00, by 



Tf{x):= [ K{x-y)f{y)da(y), VzGR" +1 \£. 
Je 



(1.41) 



Finally, let O(E) denote a dyadic cube structure on E and, for each Q G O(E), denote by 
Te(Q) the dyadic Carleson tent over Q. 

Then, if the set E is actually uniformly rectifiable (UR), in the sense of Definition \5.4j 
conditions (l)-(5) below hold: 

(1) [L 2 square function estimate] There exists C G (0,oo) with the property that for each 
f G L 2 (E,a) one has 



\(VTf)(x)\ 2 dist(x,E)dx < C / \f{x)\ 2 da{x) 



(1.42) 
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(2) [Carleson measure condition on dyadic tents for T acting on L°°] There exists a 
constant C G (0, oo) with the property that for each f G L°°(E,a) 



SU P \^Q)I \(VTf)(x)\ 2 di S t(x,E)dx) <C\\f\\ L oo^ a) . (1.43) 
QeO(E) \ vv; Jt e (q) J 

In particular, 

-J7JT / |(VTl)(x)| 2 dist(x,£)cfx ] < oo. (1.44) 

v W Jte(Q) J 



sup 

QGB(E) 



(3) [Carleson measure condition on balls for T acting on L°°] There exists a constant 
C G (0, oo) with the property that for each f G L°°(E,a) 

sup (J», ,\ / \(VTf)(y)\ 2 di S t(y,E)dy) < C\\f\\ Laa{E>(7) . (1.45) 

x&E,r>0 yv{Er\B(x,r)) J B (x,r)\E J 

In particular, 

SU P ( (vrX, <\ I |(VTl)(y)| 2 dist(y,£)^] < oo. (1.46) 

x£E,r>0 \<r{EnB{x,r)) J B(x,r)\E I 



(4) [Hardy and LP square function estimates] For each p G (^j,oo) let H p (E,a) stand 
for the Lebesgue scale LP(E,cr) if p G (l,oo), and the Coif man- Weiss scale of Hardy 
spaces on the space of homogeneous type (E, \ ■ — ■ |, a) if p G (^xj, l] • Then the operator 
T extends to the space H p (E,a) and this extension satisfies 

<C\\f\\ H p(E,a), Vf eH p (E,a). (1.47) 



(5) [Mixed-norm space estimate] For each p G (^^-,00) and each q G (l,oo) the operator 

dist (•, E) VT : H P (E, a) — > L& q \R n+1 , E) (1.48) 

is well-defined, linear and bounded, where (W 1+l , E) is the mixed norm space defined 
in (|6.10p (corresponding here to E£ := R™ +1 and p := \ ■ — ■ \). 

Theorem 11.11 particularized to the setting of Theorem 11.31 gives that conditions (l)-(5) 
above are equivalent. The fact that (1) holds in the special case when T is associated as 
in (ll.4ip with each of the kernels Kj(x) := Xj/\x\ nJrl , 1 < j < n + 1, is due to David and 
Semmes [26] . The new result here is that (1) (hence also all of (l)-(5)) holds more generally 
for the entire class of kernels described in (ll.40p . We shall prove the latter fact in Corollary 15 .71 
below. Compared with |25| . the class of kernels (ll.40p is not tied up to any particular partial 
differential operator (in the manner that the kernels KAx) := Xj/\x\ n+1 , 1 < j < n + 1, are 
related to the Laplacian). Moreover, in § 15.31 we establish a version of Theorem 11.31 for variable 
coefficient kernels, which ultimately applies to integral operators on domains on manifolds 
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associated with the Schwartz kernels of certain classes of pseudodifferential operators acting 
between vector bundles. 

The condition that the set E is UR in the context of Theorem 11.31 is optimal, as seen from 
the converse statement stated below. This result is closely interfaced with the characterization 
of uniform rectifiability, due David and Semmes, in terms of (|1.15|) - (|1.16|) . In keeping with 
these conditions, the formulation of our result involves the Riesz-transform operator 1Z := V<S. 

Theorem 1.4. Let E be a closed subset of R n+1 which is n- dimensional ADR, denote by a 
the surface measure induced by the n-dimensional Hausdorff measure on E, and define the 
vector-valued integral operator 7Z acting on functions f E L p (E,cr), 1 < p < oo, by 

W*) := j E \ x x Jy\n+i f(y) d <y)> v * G Rn+1 \ E - 

As before, let 3(E) denote a dyadic cube structure on E and, for each Q G O(E), denote by 
Te(Q) the dyadic Carleson tent over Q. In this setting, consider the following conditions: 

(1) [L 2 square function estimate] There exists C £ (0, oo) with the property that for each 
f G L 2 (E,o~) one has 

J \(V1Zf)(x)\ 2 dist(x,E)dx < cj \f(x)\ 2 da(x). (1.50) 



ln+l\ 



(2) [Carleson measure condition on dyadic tents for 1Z tested on 1] There holds 



sup 

Q&S>{E) 



-J7JY / \(VRl)(x)\ 2 dist(x,E)dx I < oo. (1.51) 

JT E {Q) J 



(3) [Carleson measure condition on dyadic tents for 1Z acting on L°°} There exists a 
constant C £ (0,oo) with the property that for each f G L°°(E,o~) 



1/2 

|(V^/)(x)| 2 dist (x,E)dx) 

Q£B>(E) JT E (Q) 
(4) [Carleson measure condition on balls for 1Z tested on 1] There holds 



i / |(V^/)(x)| 2 dist (x,E)dx) < C\\f\\ Lao{Ei(T) . (1.52) 

W> J Tr (Q) 



sup 

xSE,r>0 



7S I \(VTZl)(y)\ 2 dist (y,E)dy) < oo. (1.53) 

a{EnB(x,r)) J B (x,r)\E J 



(5) [Carleson measure condition for 7Z tested on a para-accretive function] There ex- 
ists a para- accretive function b : E — > C with the property that 



sup 

QeO(E) 



-4jr / \(V1Zb)(x)\ 2 dist (x,E)dx ) < oo. (1.54) 
/ w Jt e (q) J 
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(6) [Carleson measure condition on balls for 1Z acting on L°°] There exists a constant 
C G (0,oo) with the property that for each f G L°°(E,a) 



sup 

x£E,r>0 



\ 1/2 

-j— i— y f \(VKf)(y)\ 2 dist(y,E)dy) < C\\f\\ L ~ {E ^. (1.55) 

a{EnB(x,r)) J B (x,r)\E J 



(7) [Local T(b) condition on dyadic cubes] There exist finite constants Cq > 1, Cq G (0, 1] 

as well as a collection {^q}q£D(£;) of a -measurable functions oq : E — > C such that for 
each Q G ~B(E) the following hold: 



[ \b Q \ 2 da<C a(Q), 
Je 



Jq bqda > ± a(Q) for some QQQ, t{Q) > c £(Q), 
|(Vft6 Q )(x)| 2 dist (x,E)dx < C a(Q). 



(1.56) 



Jt e {Q) 

(8) [Local T(b) condition on surface balls] There exist Co £ [l,oo) and, for each sur- 
face ball A = A(x , r) := B(x Q , r) n E, where x Q is a point in E and r is a finite number 
in (0, diam(i?)] , a a -measurable function 6a : E — )■ C supported in A, such that the 
following estimates hold: 



[ \b A \ 2 da<C a(A), 
Je 



&a da 



>7^^(A), 



(1.57) 



B(x ,4r)\E 



|(V^6 A )(x)| 2 dist (x,E)dx < C a{A). 



(9) [Weak-L p square function estimate] There exist an index p E (0, 00) and constants 
C, K S (0, 00) such that for every f G L P (E, a) 



sup 

A>0 



A ■ G 



{x,E:j r 



r K (x) dist (y,E) n ~ 



dy> Y 



i/p 



< c 



\f\ p da 



i/p 



1.58) 



where V K (x) := {y G \ E : \x — y\ < (1 + k) dist(y, E)} for each x G E. 
Then if any of properties (l)-(9) holds it follows that E is a UR set. 

The fact that condition (1) above implies that E is a UR set has been proved by David and 
Semmes (see [261 pp. 252-267]). Based on this result, that (2)-(3) also imply that E is a UR 
set then follows with the help of Theorem 11.11 upon observing that the components of 1Z are 



operators T as in (|1.41j) associated with the kernels Kj(x) :- 



Xj \x 



\n+l 



, j G {1, n + 1}, which 



satisfy (jl.23p - (|1.24p . Compared to David and Semmes' result mentioned above (to the effect 
that the L 2 square function for the operators associated with the kernels Kj, 1 < j < n + 1, 
implies that the set E is UR) , a remarkable corollary of Theorem 11.41 is that a mere weak-L 2 
square function estimate for the operators associated with the kernels Kj(x) := Xj/\x\ n+1 , 
j G {1, n + 1}, as in (|1.4ip implies that E is a UR set. 

Throughout the manuscript, we adopt the following conventions. The letter C represents 
a finite positive constant that may change from one line to the next. The infinity symbol 
00 := +00. The set of positive integers is denoted by N, and the set No := N U {0}. 
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2 Analysis and Geometry on Quasi-Metric Spaces 



This section contains preliminary material, organized into four subsections dealing, respec- 
tively, with: a metrization result for arbitrary quasi-metric spaces, geometrically doubling 
quasi-metric spaces, approximations to the identity, and a discussion of the nature of Carleson 
tents in quasi- metric spaces. 



2.1 A metrization result for general quasi-metric spaces 

Here the goal is to review a sharp quantitative metrization result for quasi-metric spaces (cf. 
Theorem \2.2\i , and record some useful properties of the Hausdorff outer-measure on quasi- 
metric spaces (cf. Proposition 12. 4D . We begin, however, by introducing basic terminology and 
notation in the definition below. 

Definition 2.1. Assume that 3£ is a set of cardinality at least two: 

(1) A function p : X x — > [0, oo) is called a quasi-distance on provided there exist 
two constants Cq,C\ G [l,oo) with the property that for every x,y,z G X, one has 

p{x, y) = <S> x = y, p(y,x) < C p(x,y), p(x, y) < C\ max{p(x, z), p(z, y)}. (2.1) 

(2) Denote by £2(JT) the collection of all quasi- distances on X , and call a pair (X , p) a 
quasi-metric space provided p G £}(JT). Also, given p G £}(JT) and E C X of 
cardinality at lest two, denote by p\ E £ 0.(E) the restriction of the function p to E x E. 

(3) For each p G £}(JT), define C p to be the smallest constant which can play the role of C\ 
in the last inequality in (|2.1|) . i.e., 

C p := sup f*'^ €[1,00), (2.2) 

x , v , ze s: max{p(x,z),p(z,y)\ 

not all equal 

and define C p to be the smallest constant which can play the role of Co in the first 
inequality in ()2. 1 j) . i.e., 



C P --= sup ZfiL* e[l,oo). (2.3) 



(4) Given p G £}(JT), define the /?-ball (or, simply ball if the quasi-distance p is clear from 
the context) centered at x G X with radius r G (0, oo) to be 

B p (x,r):={y£ X :p(x,y)<r}. (2.4) 

Also, call E C X p-bounded if E is contained in a p-ball, and define its /)-diameter (or, 
simply, diameter ) as 

diam p (i?) := sup {p(x, y) : x, y G E}. (2-5) 

The p-distance (or, simply distance,) between two arbitrary, nonempty sets E,F C X 
is naturally defined as 

dist p (E,F) := M{p(x,y) : x G E, y G F}. (2.6) 

If E = {x} for some x G 3C and F C 3C , abbreviate dist p (x,-F) := dist p ({x}, F). 
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(5) Given a quasi- distance p E £l{X) define r p , the topology canonically induced by p 

on X , to be the largest topology on X with the property that for each point x G X the 
family {B p (x,r)} r> Q is a fundamental system of neighborhoods of x. 

(6) Call two functions p\, pi : X X X — ¥ [0,oo) equivalent, and write p\ P2, if there 
exist C',C" G (0, oo) with the property that 

C'pi <p 2 < Cfn on X x X. (2.7) 

A few comments are in order. Suppose that (X , p) is a quasi-metric space. It is then clear 
that if p' : X x X — > [0, oo) is such that p' ' « p then p' E Q(X) and r p > = r p . Also, it may 
be checked that 

O E T p <^ and Vx E O 3r > such that B p (x,r) C C (2.8) 

As is well-known, the topology induced by the given quasi-distance on a quasi-metric space 
is metrizable. Below we shall review a recent result proved in [UD] which is an optimal quantita- 
tive version of this fact, and which sharpens earlier work from [56J. To facilitate the subsequent 
discussion we first make a definition. Assume that X is an arbitrary, nonempty set. Given an 
arbitrary function p : X x X — >• [0, oo) define its symmetrization p S ym as 

Psym ■ X x X — > [0,oo), p sym (x,y) := max {p(x,y), p(y,x)}, Vx,y £ X. (2.9) 

Then p sym is symmetric, i.e., p sym (x,y) = p sy m(y,x) for every x,y E X, and p sym > p on 
X x X. In fact, p s?/m is the smallest nonnegative function defined on X x X which is 
symmetric and pointwise > p. Furthermore, if (X , p) is a quasi-metric space then 

p sy m G O(X), C Psym < C p , C Psym = 1, and p < p sym < C p p. (2.10) 

Here is the quantitative metrization theorem from [60J alluded to above. 

Theorem 2.2. Let (X , p) be a quasi-metric space and assume that C p ,C p E [l,oo) are as in 
(|23 ]) -([23 ]) . Introduce 

6(0,00], (2.11) 



log 2 



and define the regularization pjt : X x J2T — > [0, oo) of p as follows. When a p < oo, for each 
x, y E X set 

N j_ 
p#(x, y) := inf { (j] P8tfm (&, 6+1)°') " P : N G N and • • • , itf+l G JT, 
i=l 

fnoi necessarily distinct) such that £i = z and £,n+i = y| 5 (2.12) 
while if a p = oo i/ien for each x,y £ X set 

p#{x,y) := inf I max p sym (£i, : iV G N and £i, £at+i 6 X, (2.13) 

(not necessarily distinct) such that £i = x and £n+i = 
T/ien i/te following properties hold: 
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(1) The function pji is a symmetric quasi- distance on and pjt ~ p. More specifically, 

(C p )- 2 p(x,y)<p # (x,y)<C pP (x,y), Vx,yGJT. (2.14) 

In particular, t p# = r p . Also, C p# < C p . Furthermore, for any nonempty set E of X , 
there holds 

(p\ E ) # ^p\ E ^(p # )\ E . (2.15) 

(2) For each finite number f3 E (0, a p ], the function 

d Ptf) ;XxX^[0,oo), d p ^(x,y):=[p#(x,y)f, Vx,yGJT, (2.16) 

is a distance on X , and has the property that (dp^) 1 ^ ~ p. In particular, d p ^ induces 
the same topology on X as p, hence r p is metrizable. 

(3) For each finite number f3 £ (0,a p ], the function p# satisfies the following Holder-type 
regularity condition of order (3 (in both variables, simultaneously) on X X X : 

\p#{x,y) - p#(z,w)\ (2.17) 

< ^ max{p # (a;,y) 1 " /3 ,p # (z,u') 1 ~ /3 }([ / 9 # (a;,z)] /3 + [p#(y,Tfl)] ) 

whenever x,y,z,w £ X (with the understanding that when f3 > 1 one also imposes the 
conditions x ^ y and z ^ w). In particular, 

p# : X x X — > [0,oo) is continuous, (2-18) 

when X x X is equipped with the natural product topology r p x r p . 

(4) If E is a nonempty subset of {X ,t p ), then the regularized distance function 

5 E ■= dist p# (-,E) : % — ► [0,oo) (2.19) 

is equivalent to distp(-, E). Furthermore, 5 E is locally Holder of order (3 on X for every 
(3 G (0, min {1, a p }], in the sense that there exists C G (0,oo) which depends only on 
C p , C p and (3 such that 

\S E (x) - 5 E (y)\_ ^ c / ^ ^ + max | dist ^ X) E j ^ dis t p (y, 1-/3 (2.20) 



p(x,yf 

for all x,y E JT with x ^ y. In particular, 

5 E : (X,T p ) — > [0, oo) is continuous. (2.21) 

The key feature of the result discussed in Theorem 12.21 is the fact that if ( X , p) is any quasi- 
metric space then p^ is equivalent to a genuine distance on for any finite number f3 S 
(0, (log 2 Cp) -1 ]. This result is sharp and improves upon an earlier version due to R.A. Macfas 
and C. Segovia [56], in which these authors have identified a smaller, non-optimal upper-bound 
for the exponent f3. 
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In anticipation of briefly reviewing the notion of Hausdorff outer- measure on a quasi-metric 
space, we recall a couple of definitions from measure theory. Specifically, given an outer- 
measure p* on an arbitrary set JT, consider the collection of all p* -measurable sets defined 
as 

9V -={A^ ^ : p*(Y) = fj*(Y n A) + p*(Y \ A), VYC JT}. (2.22) 

Caratheodory's classical theorem allows one to pass from a given outer-measure p* on X to a 
genuine measure by observing that 

9Jl p * is a sigma-algebra, and ^ is a complete measure. (2.23) 

The restriction of an outer-measure p* on to a subset E of X , denoted by p* [E, is defined 
naturally by restricting the function p* to the collection of all subsets of E. We shall use the 
same symbol, [_ > in denoting the restriction of a measure to a measurable set. In this regard, 
it is useful to know when the measure associated with the restriction of an outer-measure 
to a set coincides with the restriction to that set of the measure associated with the given 
outer-measure. Specifically, it may be checked that if p* is an outer- measure on 3C ', then 

{if [E) = {p*\ m J[E, VEstm^. (2.24) 

yJi( M *iE) " 

Next, if (JT,r) is a topological space and p* is an outer- measure on X such that Wl p * 
contains the Borel sets in (JT,r), then call p* a Borel outer-measure on Furthermore, 
call such a Borel outer-measure p* a Borel regular outer-measure if 

ViCjf 3 a Borel set B in (&,r) such that A Q B and p*(A) = p*(B). (2.25) 

After this digression, we now proceed to introduce the concept of d-dimensional Hausdorff 
outer-measure for a subset of a quasi-metric space. 

Definition 2.3. Let (J2f,p) be a quasi-metric space and fix d > 0. Given a set A C 3C , for 



every e > define 'H'L- e (A) 6 [0, oo] fry setting 



H%: iP}£ (A) := inf j^(diam p (A,)) d : A C (J A,- and diam^A,) < e /or euen/ j| (2.26) 

(with the convention that inf := +oo), then take 

U%- p (A) := lim n% iP JA) = sup7& >P)6 (A) G [0,°°]- (2.27) 

e^0+ £ >0 

T/te quantity % d a^ p {A) is called the (i-dimensional Hausdorff outer-measure in (JT , p) o/ 
i/te se£ A. Whenever the choice of the quasi- distance p is irrelevant or clear from the context, 
H%: p (A) is abbreviated as H d x {A). 

It is readily verified that is equivalent to the counting measure. Other basic properties 

of the Hausdorff outer-measure are collected in the proposition below, proved in [61]. To state 
it, recall that a measure p on a quasi-metric space , p) is called Borel regular provided 
it is Borel on ,t p ) and 

V //-measurable^ CI ] a Borel set B in {% ,r p ) such that ACB and p(A) = p(B). (2.28) 
Also, we make the convention that, given a quasi-metric space , p) and d > 0, 

denotes the measure associated with the outer- measure T-L d ^~ as in (|2,23|) . (2.29) 
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Proposition 2.4. Let (JT,p) be a quasi-metric space and fix d > 0. T/ien i/ie following 
properties hold: 

(1) T~L%- p is a Borel outer-measure on {X,t p ). In particular, p (introduced in (|2.29p ) 
is a Borel measure on (j2f,Tp). 

(2) If p# is as in Theorem \2.S\ then H d %- p# is actually a Borel regular outer-measure on 
(JT,Tp). Moreover, =^jr p# is a Borel regular measure on (j2T,Tp). 

(3) One has T-L d ^ , ~ % p whenever p' rj p, in the sense that there exist two finite constants 
Ci,C2 > 0, which depend only on p and p 1 , such that 

d nj^ p {A) < n% :p ,{A) < C 2 Hjr iP (A) for all AQ^T. (2.30) 

(4) Let E C 3C and consider the quasi-metric space (E,p\e). Then the d-dimensional Haus- 
dorff outer-measure in (E,p\e) is equivalent to the restriction to E of the d-dimensional 
Hausdorff outer-measure in X . That is, in the sense of (|2.30p . 

K EME ~U d ^ p [E. (2.31) 

(5) For any E C 3£ , H% p# \_E is a Borel regular outer-measure on (E, r p \ E ), and the measure 
associated with it (as in (|2.23p ) is a Borel regular measure on (E,r p i E ). 

Furthermore, if E is -measurable (in the sense of (I2.22P : hence, in particular, if 

E is a Borel subset of ,t p )), then [£ is a Borel regular measure on (E,r p \ E ) 

and it coincides with the measure associated with the outer-measure 7~L%- P# [E. 

(6) Assume that m £ (d,oo). Then for each E C X one has 

n d ^ p (E) < oo =► U\ p {E) = 0. (2.32) 

2.2 Geometrically doubling quasi-metric spaces 

In this subsection we shall work in a more specialized setting than that of general quasi- 
metric spaces considered so far, by considering geometrically doubling quasi-metric spaces, as 
described in the definition below. 

Definition 2.5. A quasi-metric space (J?f , p) is called geometrically doubling if there exists 
a number N G N, called the geometric doubling constant of (JT,p), with the property that any 
p-ball of radius r in 3C may be covered by at most N p-balls in JT of radii r/2. 

To put this matter into a larger perspective, recall that a subset E of a quasi-metric space 
(JT,/o) is said to be totally bounded provided that for any r E (0, oo) there exists a finite 
covering of E with p-balls of radii r. Then for a quasi- metric space , p) the quality of 
being geometrically doubling may be regarded as a scale-invariant version of the demand that 
all /3-balls in X are totally bounded. In fact it may be readily verified that if (3£,p) is a 
geometrically doubling quasi-metric space, then 

3 N € N such that Vi? 6 (0, 1) any p-ball of radius rinif 

-n 9i ( 2 - 33 ) 
may be covered by at most ./V 1 1 °S2*'J p-balls in X of radii $r, 
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where [log 2 1?] is the smallest integer greater than or equal to log 2 En route, let us also point 
out that the property of being geometrically doubling is hereditary, in the sense that if (3£,p) 
is a geometrically doubling quasi- metric space with geometric doubling constant N, and if E 
is an arbitrary subset of 5C ', then (E, p\ E ) is a geometrically doubling quasi-metric space with 
geometric doubling constant at most equal to _/V log2 Cp N. 

The relevance of the property (of a quasi-metric space) of being geometrically doubling 
is apparent from the fact that in such a context a number of useful geometrical results hold, 
which are akin to those available in the Euclidean setting. A case in point, is the Whitney 
decomposition theorem discussed in Proposition 12.61 below. A version of the classical Whitney 
decomposition theorem in the Euclidean setting (as presented in, e.g., (69, Theorem 1.1, p. 167]) 
has been worked out in |18t Theorem 3.1, p. 71] and |19|. Theorem 3.2, p. 623] in the context of 
bounded open sets in spaces of homogeneous type. Recently, the scope of this work has been 
further refined in [60] by allowing arbitrary open sets in geometrically doubling quasi-metric 
spaces, as presented in the following proposition. 

Proposition 2.6. Let , p) be a geometrically doubling quasi-metric space. Then for each 
number A G (l,oo) there exist constants A 6 (A,oo) and N G N, both depending only on 
Cp,C p ,X and the geometric doubling constant of{^,p), and which have the following signifi- 
cance. 

For each open, nonempty, proper subset O of the topological space (&,t p ) there exist an 
at most countable family of points {xj}j^j in O along with a family of real numbers rj > 0, 
j G J, for which the following properties are valid: 

(1) 0= (J B p ( Xj , rj ); 

(2) £ ^-B p {xj,\Tj) < N on O. In fact, there exists e G (0,1), which depends only on C P ,X 
and the geometric doubling constant of ,p), with the property that for any x Q G O 

# {j G J : B p (x , edist p (x , \ O)) n B p { Xj , Xrj) + 0} < N. (2.34) 

(3) B p (xj, Xrj) C O and B p (x j ,Kr j ) n \3£ \ O] / for every j G J. 

(4) Ti ~ Tj uniformly for i,j G J such that B p (xi, Arj) n B p (xj, Xrj) ^ 0, and there exists a 
finite constant C > with the property that rj < C diam /3 (C) for each j G J. 

Regarding terminology, we shall frequently employ the following convention: 

Convention 2.7. Given a geometrically doubling quasi-metric space (JT ,p), an open, nonempty, 
proper subset O of ,t p ), and a parameter X G (l,oo), we will refer to the balls B p# (xj,rj) 
obtained by treating (&,p#) in Proposition \2.6\ as Whitney cubes, denote the collection of 
these cubes by W\(0), and for each I G W\(0), write £(I) for the radius of /. 

Furthermore, if I G W\((D) and c G (0,oo) ; we shall denote by cl the dilate of the cube 
/ by factor c, i.e., the ball having the same center as I and radius c£(I). 

Spaces of homogeneous type, reviewed next, are an important subclass of the class of 
geometrically doubling quasi- metric spaces. 
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Definition 2.8. A space of homogeneous type is a triplet (X,p, p), where (X,p) is a 
quasi-metric space and p is a Borel measure on (X,T p ) with the property that all p-balls are 
p-measurable, and which satisfies the doubling condition 

< p(B p (x,2r)) < Cp(B p (x,r)) < oo, Vx G X, Vr > 0, (2.35) 

for some finite constant C > 1. 

In the context of the above definition, call the number 

p(BJx,2r)) 

Cp:= sup ^VV M £[1,00) (2.36) 
xe$?,r>o p{Bp(x,r)) 

the doubling constant of p. Iterating (|2.35j) then gives 



where £>„ := log 2 C M > and C M , p := Cp(C p C p ) D » > 1. 



(2.37) 



The exponent -D^ is referred to as the doubling order of p. For further reference, let us also 
record here the well-known fact that 

given a space of homogeneous type (X,p,p), one has 
dianip (X) < oo if and only if p{X) < oo. 

Going further, a distinguished subclass of the class of spaces of homogeneous type, which is 
going to play a basic role in this work, is the category of Ahlfors-David regular spaces defined 
next. 

Definition 2.9. Suppose that d > 0. A d-dimensional Ahlfors-David regular (or, simply, 
d-dimensional ADR, or d-ADK) space is a triplet (X,p,p), where (X , p) is a quasi-metric 
space and p is a Borel measure on {X ,r p ) with the property that all p-balls are p-measurable, 
and for which there exists a constant C E [l,oo) such that 

C- X r d < p(B p (x,r)) <Cr d , V x E X , for every finite r G (0, diam p ( X)\. (2.39) 

The constant C in (|2.39p will be referred to as the ADR constant of X . 

As alluded to earlier, if (X,p,p) is a d-dimensional ADR space then, trivially, (X,p,p) is 
also a space of homogeneous type. For further reference let us also note here that (cf., e.g., 

m) 



(X,p,p) is d-ADR ==> (X,p # ,Jf£ p# ) is d-ADR. (2.40) 
In particular, it follows from (|2.40p . (|2.15p . and parts (3)-(5) in Proposition 12.41 that 
(X , p) quasi-metric space, 

E Borel subset of (X,r ) , . 

V J \ => {E,p# E ,Jf* [E isd-ADR. (2.41) 
a Borel measure on {E,T p \ E ) w 

such that p\e,o~) is (i-ADR 
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Also, if p, p) is d-ADR, then there exists a finite constant C > such that 

H A XilNh {A)<C 'udu(0) for every A C Jf, and (2.42) 

fr C open, At— C 

< C^rJ- >p# (A) for every Borel subset A of ( 2C , r p ). (2.43) 
In addition, if p is actually a Borel regular measure, then 

p(A) « Jf$- >p# (A), uniformly for Borel subsets A of ( Jf, r p ). (2.44) 
We now discuss a couple of technical lemmas which are going to be useful for us later on. 

Lemma 2.10. Let (&,p,p) be an m- dimensional ADR space for some m G (0, oo) and 
suppose that E is a Borel subset of (X,t p ) with the property that there exists a Borel measure 
a on (E,T p \ E ) such that (E, p\„, a) is a d-dimensional ADR space for some d G (0, m). Then 
p(E) = 0. 

Proof. Fix x G E. Using (12.43p . (I2.4ip and item (6) in Proposition 12.41 we obtain 

p(E) < C,^ p# (E) = CJm^(£nB w ( I)n )) = 0, (2.45) 

since J^ p (E n B p# (x, n)) < Cn d < oo for all n G N. □ 

Lemma 2.11. Let ,p) be a quasi-metric space. Suppose that E is a Borel subset of(&,T p ) 
such that there exists a Borel measure a on (E,T p \ E ) with the property that (E,p\ E ,a) is a 
d-dimensional ADR space for some d G (0, oo). Then there exists a constant c G (0, oo) such 
that 



VieiT, Vr G (0,diam p# (.E)] with B p# (x,r) n E / there holds 
^i P# {B P #(x,C p r)nE)>cr d . 



Proof. Fix a point x G X with the property that B p# (x,r) n E ^ 0. If we now select 
y G .B p# (x, r)t~)E then 5 p# (y, r) C £ p# (x, C p r). Recall ([2.41 p and let C be the ADR constant 
of (E,p # \ E ,^ p# [E). Then, since y G E, 

^l P# (B p# (x,C p r)nE)>^l p# {B p# (y,r)nE)>C- 1 r d . (2.47) 

Hence (pOS) holds with c := C _1 . □ 



Following work in [14] and [22], we now discuss the existence of a dyadic grid structure 
on geometrically doubling quasi- metric spaces. The following result is essentially due to M. 
Christ [H], with two refinements. First, Christ's dyadic grid result is established in the pres- 
ence of a background doubling, Borel regular measure, which is more restrictive than merely 
assuming that the ambient quasi-metric space is geometrically doubling. Second, Christ's 
dyadic grid result involves a scale 5 G (0, 1) which we here show may be taken to be ^, as in 
the Euclidean setting. 
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Proposition 2.12. Assume that (E,p) is a geometrically doubling quasi-metric space and 
select K^eZU {—00} with the property that 

2-Ks-i < diam p (£) < 2~ KE . (2.48) 

Then there exist finite constants a\ > a® > suc/i that for each k G Z u>ii/i A; > t/iere exists 
a collection H>k(E) := {Qa}aei k of subsets of E indexed by a nonempty, at most countable set 
of indices 1^, as well as a family {x^} a< =j k of points in E, such that the collection of all dyadic 
cubes in E, i.e., 

B(E):= |J %,(£), (2.49) 

has the following properties: 

(1) [All dyadic cubes are open] 

For each k G Z mt/i k > ke and each a £ Ik, the set Q k a is open in r p ; 

(2) [Dyadic cubes are mutually disjoint within the same generation] 

For each k G Z wi/i k > ke and each a, (3 G J& urai/i i/iere ZioWs n = 0; 

f5j [No partial overlap across generations] 

For eac/i fc,^ G Z mt/i £ > k > ke, and each a G /3 G 1^, either C Q„ or 
<5„ n = 0; 

(^J [Any dyadic cube has a unique ancestor in any earlier generation] 

For each k,£ G Z u>ii/i k > £ > ke, and each a G I& i/iere is a unique £ Ie such that 
Qa ^ Q^; 

f5,) [The size is dyadically related to the generation] 

For each k G Z u;zf/i k > ke and each a G I& one /ias 

B p (a£, a 2- fc ) CQ*C B p (a£, ai 2- fc ); (2.50) 

In particular, given a measure a on E for which (E, p, a) is a space of homogeneous type, 
there exists c> such that if Qp +1 C Q k a , then a(Q k 3 +1 ) > ca(Q k ). 

(6) [Control of the number of children] 

There exists an integer N G N with the property that for each k G Z with k > ke one has 

#{/? G 4+i : Qf l ^Qt}<N, for every a G I k . (2.51) 

Furthermore, this integer may be chosen such that, for each k G Z u>i£/i k > ke, each 
x€E and r G (0, 2 _fc ), f/ie number of Q 's in 3f.(E) that intersect B p (x,r) is at most N . 

( 7) [Any generation covers a dense subset of the entire space] 

For each k G Z with k > Kg, £/ie set U a e/ fc ^ s dense in (E, t p ). In particular, for each 
k G Z with k > ke one has 

E = \J {x e E : dist p (x,Q k a ) < e2- k }, Ve > 0, (2.52) 
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and there exist 60,61 E (0, 00) depending only on the geometrically doubling character of 
E with the property that 

Vx„ E E, Vr E (0, di&m„(E)], 3 k E Z with k > ke and 3a E 

t _i. (2.53) 

wi/i i/ie property that C B p (x ,r) and b^r < 2 < 6ir. 

Moreover, for each k E Z wii/i k > ke and each a E 

J ^ dense in Q*, (2.54) 

/3e/ fc+ i,Q* +1 CQfc 

and 

C J {x E ^ : dist p (x,Qj +1 ) < e2- fc - 1 }, Ve > 0. (2.55) 

f#j [Dyadic cubes have thin boundaries with respect to a background doubling measure] 
Given a measure a on E for which (E, p, a) is a space of homogeneous type, a collection 
B)(E) may be constructed as in (12.490 such that properties (l)-(7) above hold and, in 
addition, there exist constants •& E (0, 1) and c E (0, 00) such that for each k E Z with 
k > ke and each a £ Ik one has 

a[{x£Q k a : dist p# (x,E\Q k )<t2~ k }^j <cfa{Q k a ), Vt > 0. (2.56) 

Moreover, in such a context matters may be arranged so that, for each k E Z with k > ke 
and each a £ Ik, 

(Qai P\ct k i a lQa) i s a space of homogeneous type, (2-57) 

and the doubling constant of the measure is independent of k,a (i.e., the quality 

of being a space of homogeneous type is hereditary at the level of dyadic cubes, in a 
uniform fashion,). 

(9) [All generations cover the space a.e. with respect to a doubling Borel regular measure] 
If a is a Borel measure on E which is both doubling ( cf. (12.35ft ) and Borel regular ( cf. 
(|2.28p ) then a collection H(E) associated with the doubling measure a as in (8) may be 
constructed with the additional property that 

ct(e\ (J q£) = for each k E Z, k>K E . (2.58) 

aelk 

In particular, in such a setting, for each k E Z with k > ke one has 

a(Q k a \ |J Qj +1 )=0, for every a £l k . (2.59) 

/3e/ fe+1 ,<2^ +1 cQ£ 

Before discussing the proof of this result we wish to say a few words clarifying terminology. 
As already mentioned in the statement, sets Q belonging to O(E) will be referred to as dyadic 
cubes (on E). Also, following a well-established custom, whenever Q^ +1 C Q\ we shall call 
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Qa +l a child of Qg, and we shall say that Q k B is a parent of Qa +1 - For a given dyadic cube, 
an ancestor is then a parent, or a parent of a parent, or so on. Moreover, for each fc£Z with 
k > ke, we shall call Bj.(I?) the dyadic cubes of generation k and, for each Q G ©^(i?), define 
the side-length of Q to be ^(Q) := 2~ fc , and the center of Q to be the point x k a e E HQ = Q k a . 

Finally, we make the convention that saying that D(E) is a dyadic cube structure (or 
dyadic grid) on E will always indicate that the collection H)(E) is associated with E as in 
Proposition ^. 121 This presupposes that E is the ambient set for a geometrically doubling quasi- 
metric space, in which case H>(E) satisfies properties (l)-(7) above and that, in the presence of 
a background measure a satisfying appropriate conditions (as stipulated in Proposition 12. 12[) . 
properties (8) and (9) also hold. 

We are now ready to proceed with the 

Proof of Proposition \2.12l This is a slight extension and clarification of a result proved by 
M. Christ in [T3], generalizing earlier work by G. David in [22J, and we will limit ourselves 
to discussing only the novel aspects of the present formulation. For the sake of reference, we 
debut by recalling the main steps in the construction in [14]. For a fixed real number 5 G (0, 1) 
and for any integer k, Christ considers a maximal collection of points z k G E such that 

p # (z k ,z k )>5 k , Va^f3. (2.60) 

Hence, for each fixed k, the set {^ja is 5 fc -dense in E in the sense that for each k G Z and 
x G E there exists a such that p#(x,z k ) < 5 k . Then (cf. p~H Lemma 13, p. 8]) there exists a 
partial order relation < on the set {(k,a) : k G Z, a G Ik} with the following properties: 

1) if (k,a) r< (1, 13) then k > I; 

2) for each (k,a) and I < k there exists a unique /3 such that (k,a) ^ (1,(3); 

3) if (k,a) * (k-l,p) then P# (z k , z k ~ l ) < 

4) if p#(4,z*) < 2C p 5 k then ^ (k, a). 

Having established this, Christ then chooses a number c G (0, ^j-) and defines 

Q" : = U 5 p#(4> c ^)- 

(i,iS)d(fc,o) 

First, the dyadic cubes in Theorem 11, p. 7] are labeled over all k G Z. However, (|2,50p 
shows that in the case when E is bounded the index set Ik becomes a singleton whenever 2~ k 
is sufficiently large. Hence, in particular, D^iE) becomes stationary as k approaches — oo, in 
the sense that this collection of cubes reduces to just the set E provided 2~ k is sufficiently 
large. While this is not an issue in and of itself, for later considerations we find it useful to 
eliminate this redundancy and this is the reason why we restrict ourselves to only k > ke- 

Second, [HI Theorem 11, p. 7] is stated with 5 k replacing 2~ k in ()2.5Qj) - (|2.56j) . for some 
5 G (0,1). The reason why we may always assume that 5 = 1/2 is discussed later below. 
Third, Christ's result just mentioned is formulated in the setting of spaces of homogeneous 
type (equipped with symmetric quasi-distance), but a cursory inspection of the proof reveals 
that for properties (l)-(6) in our statement the same type of arguments as in [TU pp. 7-10] 
go through (working with the regularization p# of p, as in Theorem 12. 2p under the weaker 
assumption that (E, p) is a geometrically doubling quasi-metric space. 

Fourth, (7) follows from a careful inspection of the proof of [14, Theorem 11, p. 7], which 
reveals that for each k G Z with k > ke, and any j G N sufficiently large (compared to k) 
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the set UaeJfc Qa contains a 2 _J -dense subset of E that is maximal with respect to inclusion. 
Of course, this shows that the union in question is dense in (E, r p ), and (|2.52p is a direct 
consequence of it. 

Fifth, with the exception of using the regularization p# of the original quasi-distance p from 
Theorem l2.2l in place of the regularization devised in [56J, property (8) is identical to condition 
(3.6) in [14, Theorem 11, p. 7]. Sixth, property (9) corresponds to (3.1) in [T41 Theorem 11, 
p. 7] except that we are presently assuming that the doubling measure a is Borel regular. The 
reason for this assumption is that the proof of (3.1) in |14} Theorem 11, p. 7] uses the Lebesgue 
Differentiation Theorem, whose proof requires that continuous functions vanishing outside 
bounded subsets of E are dense in L l (E,a). It is precisely here that the aforementioned 
regularity of the measure intervenes and the reader is referred to |60t Theorem 7.10] for a 
density result of this nature. 

The remainder of this proof consists of a verification that, compared with |14j . it is always 
possible to take 5=1/2 (as described in the first paragraph of this proof). In the process, 
we shall adopt Christ's convention of labeling the dyadic cubes over all k E Z (eliminating the 
inherent redundancy in the case when E is bounded may be done afterwards). To get started, 

let T>(E) := \J T>k(E) denote a collection of dyadic cubes enjoying properties (l)-(9) listed 

fcez 

in Proposition 12.121 but with 5 k replacing 2~ k in (|2.50p -( j2.56p . Our goal in this part of the 
proof is to construct another collection of dyadic cubes, J}(E) := |J Hf.(E) satisfying similar 

properties for 5 = 1/2. We shall consider two cases. 

Case I: 1/2 < 6 < 1. Set tuq := and, for each integer k > 0, let m k be the largest positive 
integer such that 5 mk > 2~ k . Thus, 

6 mk+1 < 2~ k < 6 mk . (2.61) 

Similarly, for each k < 0, let denote the least integer such that 5 mk+1 < 2~ k . Thus, again 
we have (|2.6ip . Of course, we shall have < when k < 0. The sequence {m^kez is strictly 
increasing. Indeed, for every k G Z, we have 

m k + 1 < m k+1 . (2.62) 

To see this in the case that k > 0, observe that 

2"*- 1 = \2- k < \S mk < 5 mk+1 , (2.63) 

where in the first inequality we have used (I2.6ip and in the second that 1/2 < 5. Thus, (|2.62p 
holds, since by definition m^+i is the greatest integer for which 2~( fc+1 ) < 5 mk+1 . In the case 
k < 0, since 1 < 25 we have 

s (m k+1 -i)+i < 2§ m k+1 +i < 2 . 2 -0+i) = 2 -k ^.64) 

where in the second inequality we have used (|2.6ip . Since mt is the smallest integer for which 
S m k +l < 2 -* ) we a g a i n obtain (12321 . 

We then define 

B k (E):=® mk (E). (2.65) 

It is routine to verify that H>k(E) satisfies the desired properties, with some of the constants 
possibly depending upon 5. 
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Case II: < 5 < 1/2. In this case we reverse the roles of 1/2 and 5 in the construction in 
Case I above, to construct a strictly increasing sequence of integers {m k } k& z, with tuq := 0, 
for which 

2 -m k <s k < 2-™fc +1 , VfcGZ. (2.66) 
It then follows that there is a fixed positive integer qo ~ log 2 (l/<5) such that for each k £ Z, 

m k+1 - q < m k < m k+1 . (2.67) 

Indeed, we have 

2 -m k < jfc = < l 2 -m fc+1 +i = 1 2 - mk +\ (2.68) 

where in the two inequalities we have used (I2.66p . We then obtain (12. 67ft by taking logarithms. 
For each k £ Z we now set 

Bj(E) :=® k (E), m k <j<m k+1 . (2.69) 

It is now routine to check that the collection 3(E) := \J D k (E), so defined, satisfies the 

desired properties, with some of the constants possibly depending on 5. In verifying the 
various properties, it is helpful to observe that by (I2.67p . we have that 

2~ j « 2~ mfc » 8 k , whenever m k < j < m k+1 . (2.70) 

This finishes the proof of the proposition. □ 

2.3 Approximations to the identity on quasi-metric spaces 

This subsection is devoted to reviewing the definition and properties of approximations to the 
identity on ADR spaces. To set the stage, we make the following definition. 

Definition 2.13. Assume that (E,p,a) is a d- dimensional ADR space for some d > and 
recall ke G Z U {— oo} from (|2,48p . In this context, call a family {Si}i & z,i>k e of integral 
operators 

Sif(x):= f S l (x,y)f(y)da(y), x G E, (2.71) 

with integral kernels Si : E x E — > M, an approximation to the identity of order 7 on 

E provided there exists a finite constant C > such that, for every I G Z with I > ke, the 
following properties hold: 

(i) < S t (x,y) < C2 ld for all x,y £ E, and S t (x,y) = if p(x,y) > C2~ l ; 

(ii) \Si(x,y) - Si(x',y)\ < C2 l( - d+ ^p(x, x') 7 for every x, x', y G E; 

(111) \[S l (x,y)-S l (x',y)} - [S^y') - S l (x , ,y')]\ < C2 l ( d + 2 ^p(x, x') 7 p(y, y'V for every point 
x,x',y,y' G E; 

(iv) Si(x,y) = Si(y,x) for every x,y G E, and f E Si(x,y)da(y) = 1 for every x £ E. 
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Starting with the work of Coifman (cf. the discussion in [231 pp. 16-17 and p. 40]), the 
existence of approximations to the identity of some order 7 > on ADR spaces has been 
established in [2H P-40], [351 PP- 10-11], [27, p. 16] (at least when d = 1) for various values of 
7 > and, more recently, in [60] for the value of the order parameter 7 which is optimal in 
relation to the quasi-metric space structure. From [60] . we quote the following result: 

Proposition 2.14. Let (E,p,a) be a d- dimensional ADR space for some d > and assume 
that 

< 7 < min{d + l,a p }, (2.72) 

where the index a p 6 (0, 00] is associated to the quasi- distance p as in ()2.1ip . Then, in the 
sense of Definition \2. llA there exists an approximation to the identity of order 7 on E, denoted 
by {Si}i e z,l>K E - Furthermore, given p S (l,oo) and f G L p (E,a), it follows that: 

Slip \\Sl\\u,(E,a)->L*(E,a) < +°°' ( 2 - 73 ) 



if the measure a is Borel regular on (E,t p ) ==> lim Sif = f in L p (E,a), (2.74) 

l— >+oo 

and 

if diam p (E) = +00 =>- lim Srf = inU>(E,o). (2.75) 

i— >— 00 

Later on we shall need a Calderon-type reproducing formula involving the conditional 
expectation operators associated with an approximation to the identity, as discussed above. 
While this is a topic treated at some length in [21], [27], [35], we prove below a version of this 
result which best suits the purposes we have in mind. 

To state the result, we first record the following preliminaries. 

Definition 2.15. A series ^ Xj of vectors in a Banach space SB is said to be unconditionally 

jeN 
00 

convergent if the series x a(j) converges in S3 for all permutations a o/N. 

i=i 

Clearly, if a series XljeN x i °^ vec t° rs m a Banach space SB is unconditionally convergent 

00 

then so is x a{j) f° r an y permutation a of N. It is also well-known (cf., e.g., [361 Corol- 
3=1 

lary 3.11, p. 99]) that, given a sequence of vectors {xj}j^n in a Banach space 

Xj unconditionally convergent 

00 00 

^J^o-i(j) = y^o^l?)' Vffi, <72 permutations of N. (2.76) 
i=i j=i 

Hence, whenever ^ is unconditionally convergent, we may unambiguously define 

00 

xj := x a (j) for some (hence any) permutation a of N. (2.77) 

ieN i=i 
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Let us also record here the following useful characterizations of unconditional convergence (in 
a Banach space setting): 

oo 

Xj unconditionally convergent <J=^ £ j x j convergent V £j = ±1 (2.78) 



< £ 



Ve > 3N e e N such that ^\ 
VX finite subset of N with min X > N e . 

See, e.g., [361 Theorem 3.10, p. 94] where these and other equivalent characterizations are 
proved. 

The following notion of unconditional convergence applies to series indexed by any count- 
able set other than N. 

Definition 2.16. For any countable set I, a series Y2jei x j °f vectors in a Banach space 
is said to be unconditionally convergent if there exists a bisection ip : N — > I such that 
X^jeN x <p(j) ^ s unconditionally convergent in the sense of Definition \2.1b\ in which case the 

oo 

sum of the series in 33 is defined as J2jei x j := X x f(j)- 

i=i 

Note that the property of being unconditionally convergent as introduced in Definition ^. 161 
is independent of the bijection (p used. To see this, suppose that X^ei x j * s unconditionally 
convergent in 33 and let <p : N — > I be a bijection such that J2jeN x fU) * s unconditionally 
convergent in the sense of Definition 12.151 If (p : N — > I is another bijection, then ip^ 1 o p is a 
permutation of N hence, as noted right after Definition l2.15l X^'eN * s a ^ so unconditionally 

oo oo oo 

convergent. Moreover, (|2.76p ensures that Yl x <p(j) = E x <p(<p- l (v(J))) = ^ x vU) = ^j& x r 

j=i j=i j=\ 

We also have the following equivalent characterization for unconditional convergence. 

Lemma 2.17. Suppose 3$ is a Banach space and 1 is a countable set. Then a series Yj^i x j 
of vectors in 33 is unconditionally convergent in if and only if 

V{5j}j g N such that Si finite and Si C Sj+i C I for each i £ N, 

the sequence { Yl x i}j e N conver 9 es * n (2.79) 

Proof. Suppose Yjei x j ^ s such that (|2.79p holds and let <p : N — > I be a bijection. Also fix 
an arbitrary permutation a : N — > N. Then the sequence Si := {p(o~(k)) : 1 < k < i}, 

i 

i € N, of subsets of I satisfies the conditions in the first line of (|2.79j) . Hence, { X x <p(<^U)))ieN 

i=i 

oo 

is convergent in 33, which is equivalent with X x <p(<r(j)) being convergent in 33. Since the 

permutation a of N has been arbitrarily chosen, this shows that X^'eN x <p(j) 1S unconditionally 
convergent in 33, thus Xjei x j ^ s unconditionally convergent in 33. For the converse implication, 
suppose that Yljei x j ^ s unconditionally convergent in 33. Thus, for any bijection ip : N — > I we 
have that XjeN^VO') ^ s unconditionally convergent in 33. Let {Si}j g N be as in the first line of 
(|2.79p and set S := [J Si. Using (|2.78p . it follows that X x <pti) ^ s a ^ so unconditionally 

i£N jeN\^- 1 (I\S') 
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convergent in S3. In turn, the latter readily implies that { Yl Xj} igN is convergent in 38, as 

wanted. □ 

We now state the aforementioned Calderon-type reproducing formula. 

Proposition 2.18. Let (E,p,o~) be a d- dimensional ADR space for some d > and assume 
that the measure a is Borel regular on (E,T p ). In this context, recall ke from (I2.48P and, for 
some fixed 7 as in ()2.72j) . let {Si}i^z,i>k e be an approximation to the identity of order 7 on 
E (cf. Proposition \2. 1$ . Finally, introduce the integral operators (see 

Di := S l+1 - S L leZ, 1>k e . (2.80) 

Then there exist a linear and bounded operator R on L 2 (E,o~) and a family {Di} l& ^ i> KE 
of linear operators on L 2 (E,o~) with the property that 

E \W\\hE,*)<C\\f\\h(E,cr)> ^ each f € L 2 (E,a), (2.81) 

1&,1>K E 

and, with I denoting the identity operator on L 2 (E,a), 

I + S KE R = D1D1 pointwise unconditionally in L?{E, a), (2.82) 

iez,i>K E 

with the convention (taking effect when diam p (£') = +00) that 5-oo := 0. 

As a preamble to the proof of the above proposition we momentarily digress and record a 
version of the Cotlar-Knapp-Stein lemma which suits our purposes. 

Lemma 2.19. Assume that J%, J%{ are two Hilbert spaces and consider a family of operators 
{Tj}j 6 i, indexed by a countable set I, with Tj : J% — > M\ linear and bounded for every j 6 I. 
Then, if the Tj 's are almost orthogonal in the sense that 

Co := sup(E ^\\T*T k \\^^ < 00, Ci := sup(E \J \\TjT*\\ M ^ M ) < 00 (2.83) 
J ' eI kei kel jel 

it follows that for any subset J of I, 

^^^TjX converges unconditionally in for each x G J^o, and 



*/ (j2 T i) x := H T i x then \\J2 T 4jif ^ M ~ ^ C ° Cl - 
jeJ j'eJ jeJ ' 1 



(2.84) 



Furthermore, 

1 /2 

E T i x %) < 2v / CoCT||x||^ , V^e* (2.85) 
jei 

Proof. This result is typically stated with J finite and without including (12.85|) . See, for 
example, |73} Lemma 4.1, p. 285] as well as [711 Theorem 1, p. 280 and comment following it]. 
The fact that the more general version formulated above holds is an immediate consequence 
of the standard version of the Cotlar-Knapp-Stein lemma as stated in the aforementioned 
references and the abstract functional analytic result contained in Lemma 12.201 below. □ 
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Lemma 2.20. Let Jtf? be a Hilbert space with norm \\ ■ \\jg> and assume that {xj}j^i is a 
sequence of vectors in r Jtf? indexed by a countable set 1. Then 



(E 



T-ll 2 



1/2 



< 2- sup II V 

JoQJ " ■ j 

J o finite J ° 



J 7 5 



and 



y j Xj is unconditionally convergent <J=^ sup > xA\ < oo. 

T~t J„CI II . _ , "JV 



Jo CI 
Jo finite 



j&Jo 



Moreover, if the above supremum is finite, then 



EHL - sup E : 



(2.86) 



(2.87) 



(2.88) 



Proof. It suffices to assume that I = N. This follows from Definition ^. 161 since for any bijection 

(p : N — >■ I, we have 



sup X f(n 



Jo finit> 



= su p \\J2 x n 

& Jo ci II j I 

Jo finite JfcJ ° 



(2.89) 



We begin by establishing (|2.86p . To get started, let {xj}j g N ^ be such that 



C := sup 



Jo finite ^ feJ ° 



Xj\\ < oo. 



(2.90) 



Assume that {rj}j g N is Rademacher's system of functions on [0, 1], i.e., for each j G N, 

rj(t) = sign (sin(2%t)) G {-1,0, +1}, for all t G [0, 1]. (2.91) 
Hence, in particular, 

l 

rj(t)r k (t) dt = 6 jk , V j, k G N. (2.92) 
Consequently, if (•, stands for the inner product in Jtf, then for any finite set J Q C N, 



dt 



[ ( I>.?(^i, I>*(*H) * (2-93) 

r 3{ t ) r k{'t)dt^{x j ,X k )^ =^ 



i.fceJo 



On the other hand, thanks to (j2.91[) . for each i G [0, 1] we may estimate 



|^ r i(*)^' 

je,/o 



< 



E » 

ieJ ,r j (t)=+i 

jeJo,rj(t)=+l 



+ 



E ■ 

ieJ ,r j (t)=-i 

E 

j'eJ 0) r 3 -(t)=-l 



< 2C. 



(2.94) 
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By combining (|2.93p and (|2.94[) we therefore obtain 

< 4C 2 , for every finite subset J D of N, (2.95) 

jeJo 

from which (I2.86D readily follows. 

Moving on, assume that (|2.90|) holds yet X^/eN x i does not converge unconditionally, and 
seek a contradiction. Then (cf. the first equivalence in (|2.78p ). there exists a choice of signs 
£j E {±1}, j E N, with the property that the sequence of partial sums of the series YljeN £ j x i 
is not Cauchy in J$f. In turn, this implies that there exist i? > along with two sequences 
{ajjigN, {ftijieN of numbers in N, such that 

o-i < bi < di+i and I \ , £ j x j — f° r every i£N. (2.96) 

o-i <3<l>i 

In this scenario, consider the sequence {yijigN of vectors in Jf defined by 

Ui := £ j x j f° r every i E N, (2.97) 

ai<j<h 

and note that, by (|2.96p . 

\\yi\\jt > for every i EN. (2.98) 

Fix now an arbitrary finite subset I Q of N and set J Q := {j E N : 3i E I such that aj < j ' < 6j}. 
Thus, J is a finite subset of N. Then with the constant C as in (|2.9U|) . we have 



|EHL = ||E( E e i x i) jr = ||( E E 

ie/ «6/o a-i<j<bi jeJ ,£j=+l jE.J ,£j=—l 



< 



E ML+II E ML- 2C ' (2 - 99) 



ieJ D ,£j=+i jeJo,£j=—i 



where the second equality relies on the fact from (I2.96|) that en < bi < Oj+i. Hence, 

sup II VyJI < 2C. (2.100) 

T 1 1 — J 1 1 



/° £1N t iei 

1q finite 



Having established this, (|2.86|) then gives XieN \\yi\\%> < 16C 2 < oo which, in particular, forces 
lim \\yi\\j£> = 0. This, however, contradicts (12.981) . 

i— >co 

To summarize, the proof so far shows that if (I2.90|) holds then the series XjeN x j ^ s uncon- 
ditionally convergent. Of course, once the (norm) convergence of the series has been established 



N 



then (]2.90p also gives < lim sup < C, proving (|2.88|) . 



There remains to prove that the finiteness condition in (|2.90p holds if the series ■ 



eN x j 



is unconditionally convergent. With N\ E N denoting the integer N £ corresponding to taking 
e = 1 in the last condition in (|2.78p . consider 

M := sup || sj|| < oo. (2.101) 



7 C{l,...,JVi} 
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Then, given any finite subset J Q of N we may write 



j'GJo 



< 



E ^ 

ieJ n{i,...,ATi} 



+ 



E 



ieJ \{i,.»,JVi} 

from which the finiteness condition in (|2.90p follows. 



.if 



< M + l, 



(2.102) 



□ 



For further reference, given an ambient quasi- metric space , p) and a set E with the 
property that there exists a Borel measure a on (E 1 , t^u) such that (E, P#\e, cr) is a space of 
homogeneous type, we shall denote by Me the Hardy-Littlewood maximal function in this 
context, i.e., 



(M E f)(x) := sup 



1 



r>0 



a(B p# (x,r)) J Bp 



\f(y)\da(y), x £ E. 



(2.103) 



We next present the 



Proof of Proposition For each Z E Z with I > ke, denote by hi(-, •) the integral kernel 

of the operator Di. Thus, h[(-,-) = 5; + i(-,-) — Si(-,-) and, as a consequence of properties 
(£) — (if) in Definition 12.131 we see that hi(-, •) is a symmetric function on E x E, and there 
exists C E (0, oo) such that for each Z E Z with Z > we have 



1/1,0, -)l ^^"l^oj-ij, on ExB, 

<C2 l{ ^p{x,xy Vx,x',y£E, 

[ h l {x,y)da(x) = VyeE. 
Je 



(2.104) 
(2.105) 
(2.106) 



Of course, due to the symmetry of h, smoothness and cancellation conditions in the second 
variable, similar to (|2. 105|) and (|2.106p . respectively, also hold. 

Furthermore, for each j, k E Z with j,k > k e , using first (|2.106j) . then (|2. 1Q4|) and (|2.105p . 
and then the fact that (E, p, a) is d- ADR, we may write 



hj(x,z)h k (z,y) da(z) 



[hj(x,z) - hj(x,y)]h k (z,y)da(z) 
< C 2^ [ p # (y,z)n kd l {pM < G2 - k} (z)da(z) 

J E 



(2.107) 



Similarly, 



hj(x,z)h k (z,y) da(z) 



hj(x,z)[h k (z,y) - hk(x,y)] da(z) 
< C2 k<yd+ ^2^^ '. 



(2.108) 



Combining f|2. 10TI) , (I2.108P , and the support condition (j2. 104j) , it follows that for each j,k E Z 
with j, k > k e , there holds (compare with [2H p. 15] and [271 (1-14), p. 16]) 



hj(x,z)h k (z,y)da(z) 



< C2~^~ k ^ 2 d ' min C?' fc )i 



{p(x,y)<C2~ min U,k)} 



fc)| , Vx,yeE. (2.109) 
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Note that for each j, k G Z with j,k > ke we have that DjD k : L 2 (E, a) — > L 2 (E, a) is a linear 
and bounded integral operator whose integral kernel is given by J E hj(x,z)hk(z,y) da(z), for 
x,y £ E. Based on this and (|2,109|) we may then conclude that for each j,k E Z with j, k > ke, 

\{D,D k f){x)\ < C2~\^i \f(y)\da(y) 

J B p# (a:,C2- min (j> fe )) 

< C2^^M E (f){x), VxeE, (2.110) 

for every / G Lj oc (E,a). In turn, the boundedness of Me and (|2.11U|) yield 

\\D 3 D k \\ L 2 {E ^L\E,.) < C2~\i- k \\ Vj, kEZ, j,k> n E . (2.111) 

Having established (|2.11ip . it follows that the family of linear operators {-D/}^ i >Ke i from 
L 2 (E,a) into itself, is almost orthogonal. As such, Lemma 12.191 applies and gives that 

sup II V Di < C < oo, (2.112) 

^ 'Lr^ L 2 (E,a)^L 2 (E,a) 

J finite ' — 

the following Littlewood-Paley estimate holds 

1 /2 

( E \WWb(E,*)) <C||/lliW foreach f^L 2 (E,a), (2.113) 

1&,1>K E 

and, making use of (|2,74p and (|2.75p as well, we have 

[l-S KB )f= E ^/ foreach/GL 2 (£,a), 
where the series converges unconditionally in L 2 (E,a). 



(2.114) 



To proceed, fix a number N G N. Based on (|2.112p . we may square (|2.114p and obtain, 
pointwise in L 2 (E,a), 



£ ^)( E D > 

jGZ, j>n E , \j\<M k&,k>K E , \k\<M 

lim ( £ + E £>i^)- (2.H5) 



M— >oo 



|j— fe|<iV | j — fc j > iV 



Going further, fix i G Z and consider the family {Ti}i e j i of operators on L 2 (E,a), where 

Ti := Di + iD\ for every / G Jj := {l G Z : / > max{ft£,K£ — i}}. (2.116) 
Then, with || • || temporarily abbreviating || • \\L 2 (E,a)^L 2 (E,a)> f° r each j, k G Jj we may estimate 

||r*T fe || < minj 

< C min{2-l fc - J 'l 7 , 2~l^}, (2.117) 
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thanks to (J2H2]) and (J21II]). This readily implies that sup ( £ \ \\ T f T k\\) < C7(H-|*|)2-l<|-r/2 

jeJi K keJi v ' 

and sup 

( E \ \\Tjm\) < C(l + |i|)2-l^/ 2 for some C G (0, oo) independent of i. Hence, for 

each i G Z, the family {D\ + iDi} lr _„ , ., is almost orthogonal, and by Lemma T2.19I 

there exists some constant C G (0, oo) independent of i such that for every set J C Jj we have 

that ^ Di +i D[ converges pointwise unconditionally in L 2 (E,a) and 
leJ 

WyDi+iDi < C(l + \i\)2-^ 2 . (2.118) 

Next, fixJVeN and let J? be an arbitrary finite subset of {(I, m) G Z x Z : I, m> he}. Then 
for each function / G L 2 (E,a) with ||/||i,2(£ )0 -) = 1, using (|2.118j) we may estimate 



E w|L, E „H| E ( E D ^f) L2{E , a) ( 2 - 119 ) 



L 2 (E,o-) 

(j',fe)6^,b'-fe|>Ar iez,|z|>JV «ez, (z+i,z)e^ 



i&,\i\>N l&,(l+i,l)e.f ieZ, \i\>N 

for some finite constant C 7 > which is independent of N. In turn, based on (|2.87p . (|2,88D 
and (|2.119p we deduce that 



i?7V := ^E DjDk converges pointwise unconditionally in L 2 (E, a), and 



\j-k\>N 
j,k>K E 



(2.120) 



there exists C 7 G (0, oo) such that \\RN\\i^(E,a-)-^L 3 (E,a) ^ C 1 N2 N ~</ 2 . 
In a similar fashion to (|2.118p - (|2.120p . we may also deduce that 

T/v := ^E DjDh converges pointwise unconditionally in L 2 (E, a). (2.121) 



\j-k\<N 
j,k>K E 



Consequently, if we now set 

Df := D W> for each 1 G Z ' (2.122) 



iGZ, |i|<JV 
%>K E — I 

then (cf. (I2.76P ) the series T/v may be rearranged as 

T N = D l D "> ( 2 - 123 ) 

iez,i>n E 

where the sum converges pointwise unconditionally in L 2 (E,a). Combining (|2.115p . (|2.120p 
and (|2.12ip . we arrive at the identity 

(I-S KE ) 2 = R N + T N on L 2 (E,a), (2.124) 

which is convenient to further re-write as 

I = R N + f N on L 2 (E,a), where f N := T N + S KE (21 - S KE ) . (2.125) 
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Thanks to the estimate in (|2.120p . it follows from (|2.125p that 



T N : L 2 (E, a) -> L 2 (E, a) is boundedly invertible for N G N sufficiently large. (2.126) 

Hence, for ./V sufficiently large and fixed, based on (|2.126p we may write that I = T/v(T/v) _1 , 
and keeping in mind (I2.123h and (j2.125[) . we arrive at the following Calderon-type reproducing 
formula 

/=( D l D l )+S KE {2I-S KE )(f N )- 1 , (2.127) 

where the sum converges pointwise unconditionally in L 2 (E,a), and 

Di := Df (fjv) -1 , VZ G Z with I > k e . (2.128) 

From this (I2T82I) follows with R := (S KE - 2l)(T N )- 1 . Finally, (|23Tj) is a consequence of 
(|2.128p . the fact that the sum in ()2.122p has a finite number of terms, (j2.126j) and (|2.113p . □ 

2.4 Dyadic Carleson tents 

Suppose that («52T, p) is a geometrically doubling quasi- metric space and that E 1 is a nonempty, 
closed, proper subset of (j2T,t p ). It follows from the discussion below Definition 12.51 that 
(E, p\ E ) is also a geometrically doubling quasi-metric space. We now introduce dyadic Carleson 
tents in this setting. These are sets in \ E that are adapted to E in the same way that 
classical Carleson boxes or tents in the upper-half space are adapted to R n . We require a 
number of preliminaries before we introduce these sets in (|2.13ip below. First, fix a collection 
D(E) of dyadic cubes contained in E as in Proposition ^, 121 Second, choose A G [2C P , oo) and 
fix a Whitney covering W\(&\E) of balls contained in 3C \E as in Proposition ^. 61 Following 
Convention 12. 71 we refer to these p^-balls as Whitney cubes, and for each / G W,\( \ E), we 
use the notation 1(1) for the radius of /. Third, choose C* G [l,oo), and for each Q G H)(E), 
define the following collection of Whitney cubes: 

W Q := {I G W A (=$T \ E) : C' 1 ^) < £(Q) < CJ(I) and dist p (/, Q) < £(Q)}. (2.129) 

Fourth, for each Q G B>(E), define the following subset of (££,t p ): 

U Q := J /. (2.130) 
ieW Q 

Since from Theorem l2.2l we know that the regularized quasi-distance p# is continuous, it follows 
that the p^-balls are open. As such, that each I in Wq, hence Uq itself, is open. 

Finally, for each Q G H>(E), the dyadic Carleson tent Tg(Q) over Q is defined as follows: 

T E (Q):= |J U Q , (2.131) 

Q'eO(E), Q'CQ 

For most of the subsequent work we will assume that the Whitney covering W\(& \ E) 
and the constant C* are chosen as in the following lemma. 
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Lemma 2.21. Let (SC ,p) be a geometrically doubling quasi-metric space and suppose that E 
is a nonempty, closed, proper subset of (3£ ,t p ). Fix a collection J}(E) of dyadic cubes in E as 
in Proposition \2. 121 Next, choose A G [2C p ,oo), fix a Whitney covering W \{X \ E) of X\E, 
and let A denote the constant associated with A as in Proposition \2.6l Finally, choose 

C*€ [4C7jA,oo), (2.132) 

and define the collection {^q}q£B(e) associated with W\(X\E) and C* as in (|2.129p - (|2.130p . 
Then there exists e G (0, 1), depending only on A and geometry, with the property that 

{x G %\E : 6 E (x) < ediam p (£)} C (J Uq. (2.133) 

QeD(_E) 

Proof. If diam p (£') = oo, then both sides of (|2.133p are equal to \ E for all e G (0, 1), since 
the Whitney cubes cover 3C\E, so the result is immediate. Now assume that diam p (£') < oo. 
Fix some integer iV G N, to be specified later, and consider an arbitrary point x G X \ E 
with 8 E {x) < 2- 7V diam p ( J E). Then by (JZSD and (|2T48jl we have < 8 E (x) < 2~ N ~ KE , hence 
there exists k G Z with k > ke such that 2~ N ~ k ~ 1 < Se(x) < 2~ N ~ k . Now, select a ball 
I = B p# {xut{I)) G W A ( JT \ E) such that x £ L Then, by (3) in Proposition E21 there exists 
z G E such that p#{xj,z) < A£(I). Consequently, 

Se(x) < p#(x,z) < C p mayi{p # (x,x I ),p # (x I ,z)} < C p A£(I). (2.134) 

In addition, (3) in Proposition 12.61 also gives that B p# (x i , C X \ E and, hence, for 

every y G E 

2C p l(I) < Xl(I)<p # (x I ,y)<Cpp # (x I ,x) + Cpp#(x,y) 

< C p £(I) + Cpp#(x,y). (2.135) 

After canceling like-terms in the most extreme sides of (|2.135p and taking the infimum over 
all y G E, we arrive at 

< S E (x). (2.136) 

Next, since Se{x) < 2~ N ~ k , there exists xq G E such that p#(x,xo) < 2~ N ~ k . Further- 
more, by invoking (7) in Proposition 12.121 we may choose Q G JS>k(E) with the property that 
-B p# (xo, 2~ N ~ k ) n Q contains at least one point x\. Thus, by (I2.14p we have 

dist p (/,Q) < dist p (x,Q) < p{x,x x ) < C 2 p p # (x,xx) (2.137) 
< C 2 pC p# max {p # (x,x Q ),p # {x , Xl )} < Cp' N - k = Cp- N £{Q). 

This shows that 

2 N > C 3 p => dist p (J,Q) < £{Q). (2.138) 
Starting with (|2.136p and keeping in mind that Se{x) < 2~ N ~ k , we obtain 

1(1) < 2- N - k = 2~ N £(Q) < £{Q). (2.139) 
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Finally, with the help of (I2JMD we write 2~ N - 1 l(Q) = 2~ N - k - 1 < 5 E (x) < C p M(I) which 
further entails 

C* > 2 N+1 C P A => 1{I) > C- l l{Q). (2.140) 

At this stage, by choosing A'Gff such that 

N-l <log 2 (C p 3 ) <N, (2.141) 

we may conclude from (|2.138|) . (|2.139l) and (I2.14()p that I G Wq when C* > 4C^ A. This, in 
turn, forces x G I C Wq. Taking e := 2 _7V with iV as in ()2.14ip then justifies (|2. 1331) . and 
finishes the proof of the lemma. □ 

We now return to the context introduced in the first paragraph of this subsection, and in 
particular, where A G [2C p ,oo) and C* G [l,oo). For further reference, we note that then there 
exists C G [l,oo) such that 

C~ l l{Q) < 5 E {x) < C £(Q), VQG B(E) and Vx G Wq. (2.142) 

Indeed, an inspection of (|2.134p . (|2.136p . (p^29l) and (^330]) shows that (I2TT42D holds when 

C := C,C P A, (2.143) 

where A is the constant associated with A as in Proposition 12.61 

The reader should be aware of the fact that even when (|2.133p holds it may happen that 
some Uq's are empty. However, under the assumption that ( JT, p, fi) is an m-dimensional ADR 
space and granted the existence of a measure a such that (E,p\e, cr) becomes a d-dimensional 
ADR space for some d £ (0,m), matters may be arranged so that this eventuality never 
materializes. In particular, if C* is large enough (depending on A and geometry), then Uq ^ 
for all Q G B(i£). This is a simple consequence of the following lemma, which is proved in [61] . 

Lemma 2.22. Let (^,p,p) be an m-dimensional ADR space, for some m > 0, and assume 
that E is a closed subset of (j2T,t p ) with the property that there exists a measure a on E for 
which (E,p\e,(t) is a d-dimensional ADR space for some d G (0, m). 

Then there exists i? G (0, 1) such that for each xq G 3C and each finite r G (0, diamp(JT)] 
one may find x G 3C with the property that B p {x, , Qr) C B p (xo,r) \ E. 

We again return to the context introduced in the first paragraph of this subsection, and 
in particular, where A G [2C p ,oo) and C* G [l,oo). For each Q G B(i£), recall the dyadic 
Carleson tent Te(Q) over Q from (12. 131 1) : 

T E (Q):= |J U Q ,. (2.144) 

Q'eB(-E), Q'CQ 



A property that will be needed later is the fact that 

there exists C G (0, oo) depending only on C* from (|2.129p and p 
such that T E (Q) C B p (x,C£(Q)) \E, VQ G B(E), Vx G Q. 



(2.145) 
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Indeed, if Q E 3(E) and y E Te(Q) are arbitrary, then there exists Q' E B(-E), Q' ^ Q such 
that y £ I, for some I E Wq/. Hence, for each x E Q, we have 

a?) < Cdiam p (I) + Cdist p (I, Qf) + Cdiam p (Q) 

< C£{Q') + Ctf(Q) < C£(Q), (2.146) 

where C is a finite positive geometric constant. Now (12. 145[> follows from (j2. 146|) . 
The following lemma compliments the containment in (|2,145l) . 

Lemma 2.23. Assume all of the hypotheses contained in the first paragraph of Lemma \2.21\ 
and recall the family of dyadic Carleson tents {Te(Q)}q£D(e) defined in ()2.13ip . 

Then there exists e E (0, 1), depending only on A and geometry, with the property that 

B p# (x Q ,e£(Q))\ECT E (Q), VQeB(E). (2.147) 

Proof. Fix e E (0, 1) to be specified later and let N be as in (12. 141 1) . Also take an arbitrary 
Q E H)(E) and fix x E B p# (xq,e£(Q)) \ E. Then p#(xq,x) < e£(Q) and making the restriction 

e < 2- N -' L (2.148) 

we have 

Se(x) < p # {x Q ,x) < e£(Q) < 2ediam p ( J E) < 2- N diam p (E). (2.149) 

Thus, all considerations in the first part of the proof of Lemma 12.211 up to (|2. 136 jl apply. In 
particular, it follows that 5e(x) < min{2~ N ~ k ,e£(Q)}. Hence, there exists xq E E such that 
P#(x,xq) < min {2~ N ~ k , e£(Q)}. Applying property (7) in Proposition 12.121 we ma y choose 
Q' E B k (E) such that B p# (x , el(Q)) n Q' ^ 0. At this point we make the claim that 

B p# (x , et{Q)) n E C Q if e is sufficiently small. (2.150) 

Indeed, first observe that 

p#{x ,x Q ) < C p m.ayL{p # (x ,x),p # (x,x Q )} < eC p £(Q). (2.151) 

Consequently, if y E B p# ( y XQ,e£(Q)) n E is arbitrary, then 

p#(x Q ,y) < C p max{p # (x Q ,x ),p # (x ,y)} < eC p £(Q). (2.152) 

Property (|2.50p ensures that B p# (x Q , a C p 2 £(Q)) n E C Q, so (|2.152l) implies that y E Q if 

e < a C p 4 , (2.153) 

proving the claim in (|2.150p . In turn, if we assume that e is sufficiently small, the inclusion in 
(I2.15UD implies 

Q'nQ/0. (2.154) 

On the other hand, using the reasoning in the proof of Lemma l2.21l that yielded (I2.137p -( l2.14ip . 
this time with Q' replacing Q, we obtain that if N is as in (|2. 141 1) (recall that we are assuming 
that C* satisfies (|2.132j) ). then 

leKl/g,. (2.155) 
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Thus, using also (|2.142p . we have 

)') < C 5 E (x) < C oP# (x Q ,x) < C a e£(Q). (2.156) 



Hence, under the additional restriction e < C" 1 , we arrive at the conclusion that Q' G H)j(E) 
for some j > k, which when combined with (|2.154p and (3) in Proposition 12. 121 forces Q' C Q. 
This in concert with (12.155j) and (I2.131j) . shows that x G Te{Q) provided 

< e < mm{2' N -\ a^C^, C' 1 }. (2.157) 

The proof of the lemma is now complete. □ 

Next we prove a finite overlap property for the sets in {^/q}q s b(e) from (|2.130p . Throughout 
the manuscript, we agree that \a stands for the characteristic (or indicator) function of the 
set A. 

Lemma 2.24. Let {3£ ,p) be a geometrically doubling quasi-metric space and suppose that E 
is a nonempty, closed, proper subset of (JT,r p ). Fix a G [l,oo) ; a collection ~B(E) of dyadic 
cubes in E as in Proposition \ 2. 121 and C* G [1, oo). 

7/A€ [a, oo), and we fix a Whitney covering W^(iST \ E) of S£ \ E as in Proposition ^. (A 
then there exists N G N, depending only on A, C* and geometry, such that 

E H-^' ( 2 - 158 ) 

Q&{E) 

where {Uq}q£B(E) i> s the collection associated with W\(J%~ \ E) and C* as in (|2.129p - (l2.130p . 
and for each Q G B(i£), the set (compare with (|2.130p ) 

U* Q := [j al. (2.159) 
ieW Q 

Proof. Let H)(E) be the collection of dyadic cubes obtained by applying Proposition 12.121 Fix 
a G [1, oo) and consider a Whitney covering W\(%~ \ E) as in Proposition 12.61 with A G [a, oo). 
In particular, 

E 1 xi < Ni, for some N t G N. (2.160) 



To proceed, define 



X: = U W Q QWx(%-\E) (2.161) 

QeO(E) 



and, for each I £ Z, 

QI := {Q G B(E) : I G Wq}. (2.162) 
Then, using (|2.160p . we estimate 

E H ^ E E ia/ = E(#^)-^ 

QeO(E) QeO(E) i&Wq lei 

< ( sup # qi ) E l*l<Ni-( sup # QI ). (2.163) 

Vew A (f'\B) ' IeWAsrXE) Vew A («r\i?) ' 
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Hence, once we show that there exists JV2 6N such that 

#qi<N 2 , VIeW A (f\£), (2.164) 

the desired estimate, (|2.158p . follows with N := AqA^. To prove (|2. 164|) . fix an arbitrary 

I G W A ( 5£ \ E) and assume that Q G B(E) is such that / G Wq. Then, from (I2TT29D we 
deduce that 

C^l{I) < t(Q) < CJ(I) and dist p (/,Q) < CJ{I). (2.165) 

Now, (|2.164p follows from (|2.165|) and the fact that i y E,p\ E ) is geometrically doubling. □ 



(3.1) 



3 T(l) and local T(b) Theorems for Square Functions 

This section consists of two parts, dealing with a T(l) Theorem and a local T(b) Theorem for 
square functions on sets of arbitrary co-dimension, relative to an ambient quasi-metric space 
(the notion of dimension refers to the degree of Ahlfors-David regularity). The T(l) Theorem 
generalizes the Euclidean co-dimension one result proved by M. Christ and J.-L. Journe in |15| 
(cf. also |13|. Theorem 20, p. 69]). The local T(b) Theorem generalizes the Euclidean co- 
dimension one result that was implicit in the solution of the Kato problem in |45} |4"T| [3] , and 
formulated explicitly in [2l [321 US] ■ 

We consider the following context. Fix two real numbers d,m such that < d < m, an 
m-dimensional ADR space (&,p,fi), a closed subset E of (JT,r p ), and a Borel measure a on 
(E, T p \ E ) with the property that (E,p\ E ,a) is a (i-dimensional ADR space. In this context, 
suppose that 

9 : (3£ \ E) x E — > R is Borel measurable with respect to 
the relative topology induced by the product topology r p x r p on ( \ E) x E, 

and has the property that there exist finite positive constants Cg, a, v, and a G [0,v) such 
that for all x G \ E and y G E the following hold: 

MyeE with p(y,y)<\p(x,y). 
Then define the integral operator O for all functions / G L p (E,a), 1 < p < 00, by 

(8/)(x) := / 6(x,y)f(y)da(y), ViGiT\E. (3.4) 

It follows from Holder's inequality and Lemma 13.51 that the integral in (|3.4j) is absolutely 
convergent for each x G 3C \ E. 

Remark 3.1. The factors in parentheses in (I3.2p - (l3.3p are greater than or equal to 1, since 
for every and every y G E we have p(x,y) > dist p (x,E) > 0, hence ()3.2p - (|3.3p are 

less demanding than their respective versions in which these factors are omitted. 

We proceed to prove square function versions of the T(l) Theorem and the local T(b) 
Theorem for the integral operator G. As usual, we prove the local T(b) Theorem by verifying 
the hypotheses of the T(l) Theorem, to which we now turn. 



41 



3.1 An arbitrary codimension T(l) theorem for square functions 

The main result in this subsection is a T(l) theorem for square functions, to the effect that a 
square function estimate for the integral operator B holds if and only if |0(1)| 2 , appropriately 
weighted by a power of the distance to E, is the density (relative to fi) of a Carleson measure 
on X \ E. To state this formally, the reader is advised to recall the dyadic cube grid from 
Proposition 12.121 and the regularized distance function to a set from (|2,19p . 

Theorem 3.2. Let d,m be two real numbers such that < d < m. Assume that (&,p,n) 
is an m- dimensional ADR space, E is a closed subset of (&,T p ), and a is a Borel regular 
measure on (E,T p \ E ) with the property that (E, p\ E ,a) is a d-dimensional ADR space. 

Suppose that 8 is the integral operator defined in (j3.4j) with a kernel 6 as in f)3. 1 j) . (j3.2|) . 
(|3.3p . Furthermore, letO(E) denote a dyadic cube structure on E, consider a Whitney covering 
W>(<5T \E) of 3C\E and a constant C* as in Lemma \2.21\ and, corresponding to these, recall 
the dyadic Carleson tents from (I2.131j) . 

In this context, if 

sup f ^ / \Ql(x)\ 2 5 E (x) 2 ^ m - d Up(x)) <oc, (3.5) 
QGB(E) \ W! Jt e (Q) J 

then there exists a finite constant C > depending only on the constants Cg, the ADR constants 
of E and , and the value of the supremum in (13.51) . such that for each function f £ L 2 (E,o~) 
one has 

\(Qf)(x)\ 2 6 E (x) 2v -( m - d Up(x)<C [ \f(x)\ 2 da(x), \ffeL 2 (E,a). (3.6) 



X\E 



E 



Finally, the converse of the implication discussed above is also true. In fact, the following 
stronger claim holds: under the original background assumptions, except that the regularity 
requirement (|3.3p is now dropped, the fact that 

J \{Qf){x)\ 2 5 E (x) 2v -^- d Up(x)<C J \f(x)\ 2 da(x), \/feL 2 (E,a), (3.7) 

0<5e{x)<V diam p (_E) 

holds for some n € (0, oo) implies that (|3.5p holds as well. 

Before presenting the actual proof of Theorem l3.2l we shall discuss a number of preliminary 
lemmas, starting with the following discrete Carleson estimate. 

Lemma 3.3. Assume (E, p, a) is a space of homogeneous type with the property that a is Borel 
regular, and denote by 3(E) a dyadic cube structure onE. If a sequence {Bq}q &0 ^ Q [0, oo] 
satisfies the discrete Carleson condition 

C := sup [-L B Q ] < oo, (3.8) 

R&(E) la W q&{e))Q cr J 

then for every sequence {Aq} Q eD) / E \ Q K one has 

A Q B Q <C f A* da, (3.9) 
QeB(E) Je 
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where A* : E — >• [0, oo] is the function defined by 

A*(x):=0 if xeE\ \J Q and A*(x) := sup \A Q \ if x G |J Q. (3.10) 



Qen(E) Q€D(E),xeQ QeB(E) 

Proof. For each t > define Ot '■= {x £ E : A*(x) > t}. Then it is immediate from definitions 

that Ot = U Q for every t > 0. This shows that Ot is open in (E,t p ) (cf. (1) in 

QeB(£;),^Q>t 

Proposition 12.12] ) and, hence, ^4* is <r- measurable. Note that if A* E L l {E,a) (otherwise there 
is nothing to prove), then by Tschebyshev's inequality, 

o{O t ) < - I A*(x)da(x) < oo, Vi>0. (3.11) 
t Je 

This ensures that for each t > we may meaningfully define Dt Q IP(E), the collection of 
maximal dyadic cubes contained in Ot, i.e., 

D t := {R G B(E) : R C O t and G D(£) such that i? C Q C O t and i? / Q). (3.12) 

The cubes in D t are pairwise disjoint, and 

o t = [Jr. (3.i3) 



Now for each Q 6 D(£) define 



[1, if < t < An, 
/i Q :(0,oo)^K, h Q (t):=\ ^ . (3-14) 

I I), otherwise. 

Then, for each t > we have 

£ /»o(t)B = £ 5 Q = E ( E 5 < 

QeB(£;) QeB(£),Qce> t HeD t \QeB(£),Qc,R 

< <7(J2) = Ca{O t ), (3.15) 

where for the first inequality in (|3. 15|) we have used (|3.8p . while the last equality follows from 
(I3TT3]1 . Hence, 



/"OO /"OO 

£ AqBq = h Q (t)B Q dt<C a(O t )dt 

m(E) Jo qeme) 



Q&(E) 

/■oo /* r roo 

C\ I l{ A *>t}{x)da{x)dt = C / / l{A*>t}(aO dtda{x) 
Jo Je Je Jo 



= C [ A*{x)da{x), (3.16) 
Je 

completing the proof of the lemma. □ 
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We continue by recording a quantitative version of the classical Urysohn lemma in the 
context of Holder functions on quasi- metric spaces from [60] (cf. also pQ for a refinement). 

Lemma 3.4. Let (E, p) be a quasi-metric space and assume that (3 is a real number with the 
property that < (3 < [log 2 Cp] _1 . Assume that Fq,F± C E are two nonempty sets with the 
property that dist p (i ? o, F\j > 0. Then, there exists a function rj : E — >• R such that 

< f] < 1 on E, rj = on Fq, rj = 1 on F±, (3-17) 
and for which there exists a finite constant C > 0, depending only on p, such that 

sup l ^ ) -y i <C7(di S t p (Fo,F 1 ))^ (3.18) 

x^y 

In the proof of Theorem 13.21 we shall also need a couple of results of geometric measure 
theoretic nature, which we next discuss. 

Lemma 3.5. Let (JT, p) be a quasi-metric space. Suppose E C SC is nonempty and a is a 
measure on E such that (E, p\ E , a) becomes a d-dimensional ADR space, for some d > 0. Fix 
a real number m > d. Then there exists C G (0, oo) depending only on m, p, and the ADR 
constant of E such that 

1 / , m da(y)<C5 E (x) d - m , VxeiT\£. (3.19) 
Je p#{x,y) m 

Also, for each e > and c > 0, there exists C G (0, oo) depending only on e, c, p, and the 
ADR constant of E such that for every a-measurable function f : E — >■ [0, oo] one has 



I 



f{y)da{y)<CM E {f){x) Vx G £, Vr > 0, (3.20) 



p#(y,x) d+£ 

yeE,p#(y,x)>cr 

where Me is as in (|2,103p . 
Proof. Fix x G X\E. Then 

If 1 

p#(y,x) m J E 1 P * K '- fcV ;/ p # {y,x) m 

oo 1 

oo 

< C Y rn-r 7 M 0-(B p Ax,V +1 5e(x))C\E) 

j-< o [2i5 E {x)] m v p * ' 

oo ^ 

PJ [2 j $e(x)}™ 1 * v ;J 

= C<5 £ (x) d - m , (3.21) 

where for the last inequality in (|3.2ip we have used the fact that {E, p#\e,o~) is a d-dimensional 
ADR space, while the last equality uses the condition m > d. This concludes the proof of (|3,19p . 
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Finally, f|3.20j) is proved similarly, by decomposing the domain of integration in dyadic annuli 
centered at x, at scale r, and then using the fact that (E, p#\e, &) is a <i-dimensional ADR 
space. □ 

For a proof of our second result of geometric measure theoretic nature the interested reader 
is referred to |61| . where more general results of this type are established. 

Lemma 3.6. Assume that {X ,p,p) is an m- dimensional ADR space for some m > and let 
E C be nonempty, closed. Suppose there exists a measure a on E such that (E,p\ E ,a) is 
a d-dimensional ADR space with < d < m. If 7 < m — d, then there exists a finite positive 
constant Co which depends only on 7 and the ADR constants of E and X , such that 

J 5 E (x)- y dp(x)<C r m - d '^R d , (3.22) 

x£B p (xq,R), <5g(a;)<r 

for every xq G E and every r, R > 0. 

At this stage, we are ready to present the 

Proof of Theorem \3.2l For notational simplicity, abbreviate AqJ := ^-^fda, for every cube 
Q G H)(E) whenever / : E — > C is locally integrable. Also, recall our convention that 5e(x) 
stands for dist p# (x, E), for every x G SK"\E, and recall the Hardy-Littlewood maximal operator 
Me from fj2. 103[) . We break down the proof of the implication " (13.5p =^ (13.6P " into a number 
of steps. 

Step I. We claim that for every r G (l,oo) there exist finite positive constants C and (3 such 
that for each l,k G Z with l,k > ke and every Q G H>k(E), fixed thereafter, the following 
inequality holds: 



sup 

xEUq 



5E(xT(Q(D ig )(x) - (Ql)(x)A Q (D l9 )) < 02^^ inf M%(\g\ r ){w) \ (3.23) 

w£QL J 



for every g : E — )• M locally integrable. Here, D[ is the operator introduced in ()2.80p . whose 
integral kernel is denoted by /i/(-, •) (cf. the discussion in the proof of Proposition 12.18]) . 

To justify (13.23p . fix k G Z with k > ke, Q G H>k(E), and pick a number ko G No to be 
specified later, purely in terms of geometrical constants. We distinguish two cases. 

Case I: k + ko > I- As a preamble, we remark that k + ko > I forces 

2~(fc+feo-0 ^ 2~' fc ~'', (3-24) 

where the comparability constants depend only on ko. Indeed, observe that if j el is such 
that j > -k Q , then j < \j\ <j + 2k , hence 2~ j w 2-^1. Taking now j := k - I, (l3T2^|) follows. 
Turning now to the proof of (|3.23|) in earnest, using Fubini's Theorem, for each / G Z, we 
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write 



5 E (xy(0(D ig )(x) - (&l)(x)A Q (D ig )) 

= 8 E {x) v / 9(x,y) / hi(y,z)g(z)da(z)da(y) 



-5 E (x) v (@l)(x)-f [ h l (y,z)g(z)da(z)da(y) 
J qJe 



$(x,y)hi(y,z) da(y) 



g(z)da(z), VxGUq, 



where 



$(x,y):=5 E (x) v [e(x,y)-^(ei){x)l Q (y)\, VxeJT\£, Vye£. 
Note that, by design, 

/ $(x,y)da(y) = 0, VieJ\B, 
Je 



and we claim that 



\Hx,y)\ < 



C 



VxeUq, VyeE. 



(3.25) 



(3.26) 



(3.27) 



(3.28) 



Indeed, if x £ Uq then 5e(x) ~ £{Q) (with constants independent of x) and making use of 
(|3.2p and the fact that 5 E {-) ~ dist p (-,£') (see (^J in Theorem I2.2p . we obtain 



6 E ( x y\e(x,y)\ < 

In addition, 



C5 E (x] 



v - a < c^(x; 



M y £ E. (3.29) 



fe(x)"|(ei)(x)| <Cfe(x)"" a 



yes p#(x,y) 



d+v- 



-<C, Vx£U Q , 



(3.30) 



where for the last inequality in (|3,30p we made use of (|3.19p . Now (|3.28p follows from (|3.26p . 
(I3T29]1 and (JOty . 

Denote by xq the center of Q and let e G (0, 1) and Co > be fixed, to be specified later. 
Then for every w £ Q fixed, due to (|3.27p for each z £ E we may write 



®(x,y)hi(y,z) da(y) 



${x,y)[hi(y,z) - hi(w,z)]da{y) 



< 



I 



\$(x,y)\\hi(y,z) - h(w,z)\ da(y) 



y&E,p # (y,x Q )<C 2( k + k o-^e(Q) 



I 



+ I \<S>{x,y)\\h l {y,z)-h l {w,z)\d<j{y) 

yeE,p # (y,x Q )>C 2( k + k o-^£(Q) 

--: h + h- (3.31) 
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In order to estimate I\ we make the claim that if C is chosen large enough (compared to finite 
positive background constants and Co) then 

\hi(y,z) - h{w,z)\ < C2'( d +-v)2( fe + fc o-0^(Q)7i W(W)) ^ 2 _ i} ( ;s;) 

^3.32^ 

whenever z£E,y£E,weQ and p#(y, xq) < Co2 {k+k °~ l * )£ £{Q), 

with 7 as in (|2. 104[) . To justify this claim, first note that if Co is large, then since k + k$ — l > 0, 
we have 

y G E, w G Q and xq) < C Q 2^+ fc °-^(Q) p#(y, w) < CC^ k+k ^ e l(Q). (3.33) 

From now on, assume that Cq is large enough to ensure the validity of (|3.33p . Second, if y,w 
are as in (|3,33|) and z G E is such that p#(z,w) > C2~\ then 

C2~ l < P# (z,w)<C(p # (z,y)+p # (y,w))<Cp # (z,y) + CC 2 ( - k+k °-^e(Q) 

< C P# (z,y) + 2 k »C C2- 1 , (3.34) 

for some finite geometric constant C > 0. Now choosing C := 2 ko+1 CoC (which is permissible 
since, in the end, the parameter ko G No is chosen to depend only on finite positive background 
geometrical constants) we may absorb 2 k °C C2- 1 into C2~ l yielding (with C\ := 2 k °C C) 

y€E,weQ, P# (y,x Q ) < C Q 2( fc + fc °-^(Q) ) 

and p#(z,w) > C2~ l J 



p#(z,y) >Ci2- 1 . (3.35) 



Moreover, we can further increase Co and, in turn, C to insure that the constant C\ in the last 
inequality in (|3.35p is larger that the constant C in (12.104j) . Henceforth, assume that such a 
choice has been made. Then a combination of (|3.33p . (|3.35p and (|2.105p yields (|3.32p . 
Next, we use (j3.28|) and (13.32R in order to estimate 

h < ^2 ,( ^ ) 2 ( ^- ^2-^l w(fD> ^ ga - l} W / lda(y) 

y eE, p#(y,x Q )<C 2( k + k 0-l)e e (Q) 
< ^-(Wo-ilM^)^!^^^.^^), VzGfi, (3.36) 

where for the last inequality in (|3.36p we have used the fact that (E, p\e, cr) is a d-dimensional 
ADR space. At this point we choose < e < < 1 which ensures that f}\ := 7 — e(d+j) > 0, 
hence 

h < C2d i 2 - (k+k0 - m l {p#{w ^ 52 _ l} (z), Vz G E. (3.37) 

To estimate the contribution from I\ in the context of (I3.25p . based on (|3.37p and (|3.24p 
we write (recall that j3\ = 7 — e(d + 7) > is a fixed constant) 



h\g{z)\d*{z) < C2 dl 2-^~ 1 ^ / \g(z)\l {p#M < C2 - l} (z)da(z) 

J E 

= C2-( k+k °- 1 ^ I \g{z)\da{z) 

J zGE,p # (z,w)<C2- 1 

= C2- ( - k+k °- l ^ 1 (M E g)(w) 

« 2~l fc -'l /3l (M £; c/)(u;), uniformly in w G Q. (3.38) 



47 



Next, we turn our attention to I2 from (|3.3ip . Note that since we are currently assuming 
that k + ho > I, the condition p#(y,XQ) > Co2^ k+ko ~ l ^ £ £(Q) forces y c\Q for some finite 
positive constant c\, which may be further increased as desired by suitably increasing the value 
of Co. Thus, assuming that Co is sufficiently large to guarantee c\ > 1, we obtain lg(y) = 
if y £ E and p # (y,x Q ) > C Q 2^ k+k °~ l, > £ £(Q). In turn, this implies that ®(x,y) = 5 E (x) v 6(x,y) 
on the domain of integration in I2. Thus, for each z £ E, we have 

h < C2- kv J \9(x,y)\\hi(y,z)\da(v) (3-39) 

j/e£,p # (y,2 Q )>C 2( fc + fe o-0^(Q) 

+C2- fe >*K*)l j \6(x,y)\da(y)=:I 3 + I 4 . 

y&E, p # (y,x Q )>C 2( k + k 0-^e(Q) 

We also remark that the design of Uq and the fact that k + ko — I > ensure that 

y,E, Pd%lv) > C 2^H(Q) -> ( *M°> (3 . 40) 

I uniformly lor x £ Uq and w £ Q. 

Making first use of (|3.2p combined with (|3.40p and the fact that since x £ ZYq we have 5e(x) ~ 
£(Q) ps 2~ fc , and then of pTMj) . we may further estimate 

I 3 < C2- fcu ! — r^Lr — |/»i(y.«)l^(y) 

7 P#(y,^) d+ "- a 1 v 71 v 7 

s/e£,p # (?/,«))>C2( fc + fe o- i )^((5) 

s/e£,p # (s/,w)>C2( fc + fe o-0££(Q) 

= C S -**~> W L P#( „„ & Wo-> W < 3 ' 41 > 

for each z € E, where we have set 

r := 2( fc+fc °- / ) £ - fc . (3.42) 
Consequently, by (|3.4ip . Fubini's theorem, (|3.20p and (|3.24p . we obtain 

I 3 \g(z)\da(z) <C2-( fc+fe «-^- a ) f \g(z)\ x 

yeE,p # (y,w)>Cr P#{y,W) d+v a V#Vf> >— I 

< C2 _ (fc+fc0 _ I)e(w _ a) /• r M +t) _ a {M E g)(y)Mv) 

Jy&E,p # (y,w)>Cr P#{y,W) + 

< C2-( fc + fc o-^(«-a)( M | 5 )( w ) 

~ 2 _|fe -' |e(,; - a) (Mi 5 )(u;), uniformly in u> £ Q. (3.43) 
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As for J 4 , invoking again (|3.2p . (|3.40p . the fact that Se{x) ~ 2 , and (|2.1Q4|) we write 



/na/c 
w (y. *<,)«— """J 



y€E,p # (y,x Q )>Cr 



yG-E, p # (y,x Q )>Cr 

= C2 - {k+k0 -i)e(v-a) 2 dl l {p#M < C2 „ l} (z), VzeE, (3.44) 
by (ET201) (used with / = 1). Finally, based on (ETUI and (ET241 . we obtain 

/ 4 |*(*)|<fe(*) < C2^ k+k ^^2 dl [ \g(z)\l {p#M < C2 - l} (z)da{z) 

J E 

< ^-(fc+fco-Qe^-o) (M E9 )(w) 

pa 2- |fe - z|£( ^ a) (M s5 )(w), uniformly in to G Q. (3.45) 

Collectively, (|3.4ip and (|3.44[) yield an estimate for ^2, in view of (|3.39[) . In order to express 
this estimate as well as (|3.38p in a manner consistent with (|3.23p requires an extra adjustment. 
Concretely, as a consequence of Lebesgue's Differentiation Theorem (which holds in our context 
given that a is Borel regular), the monotonicity of the Hardy-Littlewood maximal operator 
and Holder's inequality, for every r £ [1, oo) and any g locally integrable on E we have 

M E g <[Ml(\g\ r )Y and M%g < [M E (\g\ r )] * pointwise in E. (3.46) 

Thus, if we define 02 '■= min{/3i,e(t> — a)} > 0, then a combination of (|3.25p . (|3.3ip . (|3.38p . 
(13391) . ([533]) , (I3T431) . and ([3^6]) proves ([333]) with (3 replaced by /3 2 in Case I. 

Case II: k + ko < I. In this scenario, in order to obtain estimate (|3,23p we shall use the 
cancellation property of the operator D[, and the Holder regularity of #(•,•) i n the second 
variable. To get started, Fubini's Theorem allows us to write 

5 E (x) v Q(D ig ){x) = [ 5 E {xf [ 6(x,y)h l (y,z)da(y)g(z)da(z) 

Je Je 

= [ *(x,z)g(z)da(z), VxG% (3.47) 
Je 

where we have set 

V(x,z) := 5 E {xf I e(x,y)hi(y,z)da(y), Vx£%~\E, VzeE. (3.48) 
Je 

To proceed, fix x G Uq arbitrary. Based on (|2. 106j) and (|2. 1Q4[) . we have 



\*{x,z)\ 



S E (x) v / {e(x,y)-9(x,z))h l (y,z)da(y) 



< S E {x) v J \e(x,y)-e(x,z)\\h l (y,z)\da(y), V z e E. (3.49) 

y€E,p # (y,z)<C2- 1 
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As a consequence of (|3.3p . we have 



\e(x, y ) - e(x, Z )\<c p{v, p z ^ly+Va if v^^ E ^ pM < ( 3 - 50 ) 



Observe that, since we are currently assuming k + ko < I, if the points y,z G E are such that 
P#(v,z) < C2~\ then 

p(y^) < Cp#(y,z) < C2~ l < C2- ko 2- k < C2~ k °5 E (x) < C2- k »p(x,y) < \p{x,y), (3.51) 

where the last inequality follows by choosing ko large. For the remainder of the proof fix such 
a ko G No- Then (|3.50p holds when y belongs to the domain of integration of the last integral 
in (|3.49p . For w G Q arbitrary we claim that 

3C > such that M z,y G E \ \ p(x,y) > C'[2~ k + p # (w, z)], 

> one has < (3.52) 
satisfying p(y, z) < C2 J I uniformly for x G Uq, w € Q. 

Indeed, if y,z are as in the left hand-side of (|3.52|) . then p(x,y) > C5e{x) ~ £(Q) ~ 2~ k . In 
addition, 

p#(w,z) < Cp(w,z) <C(p(w,x)+p(x,y)+p(y,z)) <C(£(Q) + p(x,y) + 2- 1 ) 

< C(2- k + p(x,y))<Cp(x,y). (3.53) 
This proves (13321) . Combining (|332l) . ([330]) . (I2TTM1) and ([3^9]) . we obtain 

/n/c(a+a) n—la 

y<EE,p#(y,z)<C2-l 
nfc(a+a) n—la 

< C2~ kv 



[2- k + p # (w,2)] d + ,(; - a 



o— k(v— a) 

= C2-I fc -'I Q T - T , - 7 - , Vz££. (3.54) 

For the second inequality in (|3.54p we used the fact that [E, p\e, c) is a ci-dimensional ADR 
space, while the last equality is a simple consequence of the fact that k < I. Thus, returning 
with (13.541) in (j3.47f) . then making use of (I3.20p . and then recalling (I3.46p . we arrive at the 
conclusion that for each r G [l,oo), 

\s E (xye(D ig )(x)\ < c2-i fc -" a / n_ k *~T~\ d + v _M *)\ d °(z) 

JeV- + p#{w,z)\ d + v a 

< C2-\ k - l \ a {M E g){w) 

< C2-\ k - l \ a [M 2 E {\g\ r ){w)] r, uniformly for w G Q. (3.55) 

In order to estimate \6 E (x) v (@l)(x)AQ(Dig)\, first note that (|3.30p holds in this case, so 
by Fubini's Theorem we have 



\5E(xy(ei)(x)A Q (D ig )\ < c 



/ hi(y,z)dcr(y)jg(z)da(z) 



(3.56) 
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To continue, for some fixed e G (0, 1), define 

S Q :={xeQ: dist p# (x,E\Q)<C2^ k - l \ £ £(Q)} and F Q :=Q\S Q . (3.57) 
Also, consider a function 

t]q : E -> M such that suppr?Q C Q, < r?Q < 1, J?q = 1 on Fq and 



VQ(%)-VQ{y) 



< C 



(3.58) 



2 -ifc-ii^(Q) y ' 

for some 7 G (0, 1). That such a function exists is a consequence of Lemma 13.41 Hence, 



hi(y,z) da(y) 



Q 



< 



+ 1 

WQ) 



VQ(y))hi(y,z)da(y) 



(3.59) 



VQ{y) h i(y,z)do{y) 



--:II 1 {z) + II 2 {z), Vz£E. 



Fix z £ E. To estimate 1/2(2), recall (|2.1Q6|) . (|2.1Q4j) . (pT58|) and the fact that £ is Ahlfors- 
David regular. Based on these, we may write 



< 



[VQ(.y)-VQ(z))hi(y,z)da(y) 



VQ(y)-VQ(z)\\hi(y,z)\da(y) < ^ 



(3.60) 



a(Q) 

y€E,p # (y,z)<C2-' 



In addition, since whenever y G suppr?Q C Q and p#(y,z) < C2 1 < C£(Q) one necessarily 
has p#(w, z) < C£(Q), for all w G Q, it follows that one may strengthen (|3.60p to 



< C^ y 2-l fc - i K 1 - £ )n {p#(u , i . ) < c , {Q)} (z), for all w G Q. 
Hence, by also recalling (|3.46p . for each r G [l,oo) we further obtain 



(3.61) 



II 2 (z)\g(z)\da(z) < C2-l fc -'Kl-)7 1 / bWI^W 

< C2-\ k - l ^- £ ^(M E g)(w) < C2-\ k - l ^- e >T[M%(\g\ r )(w)]^, (3.62) 

for all w £ Q. This bound suits our purposes. 

Next, we turn our attention to II\{z). Pick r G (l,oo) and let r' be such that - + — = 1. 
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Note that since supp (1q — t]q) C 5q and < lg — r]g < 1 we may write 
Ih(z)\g(z)\da(z) < J \h l (y,z)\da(y)\g(z)\da(z) 

g(z)\\hi(y,z)\da(z) da{y) 

2 dl \g(z)\da(z)da(y) 



EJS Q 

f I 

Sq JE 



< 



< c 



c 



Sq Jz£E,p # (y,z)<C2- 

C WJ) [ ls Q (y)(M E gKy)da(y) 

<?(s Q y 1 



<r(Q) 



I (M E g) r da 
J Q 

[M E (\g\ r )(w)]r : 



for all w S Q. 



(3.63) 



The second inequality in (|3.63p is based on (|2.104p . the third is immediate, the fourth uses 
Holder's inequality, while the last one is a consequence of (|3.46p . By virtue of the "thin 
boundary" property described in item (8) of Proposition 12.121 we have 

3c>0 and 3t 6(0,1) such that a(S Q ) < c2'^ £T a(Q), (3.64) 

which, when used in concert with (|3.63p . yields 



Ih(z)\g(z)\da(z) < C2-\ k -W[MU\g\ r )(w)Y 



for all w 6 Q. 



(3.65) 



Now choose j3% := min{(l — e)j, ^r,a} > 0. Then (|3.23p follows in the current case with f3 
replaced by /3 3 , by combining (13351) . <l336|) . (1339]) . (1332]) and (|335|) . 

Now the proof of the claim made in Step I is completed by combining what we proved in 
Case / and Case 77 above and by taking /3 := min{/32,/?3} > 0. 

Step II. We claim that there exists a finite constant C > with the property that for every 
f € L 2 (E,a) there holds 

|2 dfi(x) 



E E , 

fcez, k>K E Qeo k (E) U Q 



5 E (xy((ef)(x)-(ei)(x)A Q f)\ 



d~ E (x 



\m—d 



<C f \f\ 2 da. (3.66) 

JE 



To justify this claim, fix r £ (1,2) and let j3 > be such that f|3.23|) holds. Then, for an 
arbitrary function / 6 L 2 (E,a), using (12.82p . we may write 



E E 

k£Z,k>K E QeO k (E) 



Uq 



\5 E (xy{e-(Ql)(x)A Q )(f)(x) 



dfi(x) 



S E (x) 



m—d 



(3.67) 



^ 2 E E / | E ^(^r(e-(ei)(xM Q )(AA/)( 

kez,k>K E Q& k (E) U Q iez,i>K E 



dfi(x) 



+2 E E , 



5 E ( x y(e - (ei)(x)A Q )(s KE (Rf))(x) 



5 E (x) m - d 
2 dji{x) 



5 E (x 



■.m—d 



: A x +A 2 . 
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Pick now e G (0, /3) arbitrary and proceed to estimate A\ as follows: 



< 



*E E 

fcez QeB fe (E) 
k>ke 

E 

fcez QeB fe (.E) 
k>ke 



Uq 



Y2-\ k - l H k - l \ £ 5 E {xr{Q - {@\){x)A Q ){D l D l f){, 

>K E 

^ 2 -2\k-l\e" 



d(i(x) 



5 E (x 



\m—d 



± c E E E 22|fc "" £ / M 



fe(a:) w (e - (ei)(x),4Q)(AA/)(x)| 2 ) ,//,! ' 



(e-(ei)(x)i Q )(AA/)(x) 



iez fcez QeB fc (£) 

1>Ke k>KE 



< C T T Y 2 2\k-l\e 2 -2\k-l\f3 inf 

;ez fcez QtB k (E) 

1>KE k>KE 



2 C?//(x) 
2 fc(m-d) d 



Kg 



< 



<?E E E ■ 

iez fcez QeB fe (_E) 
1>ke k>KE 



-2|fc-Z|(/9-e) 



cE E^ 

;ez fcez 
1>ke k>KE 



-2\k-l\(J3-e) 



mkia/d 



d<7 



iez 

1>Ke 



da<CY, / Ml(|A/D 



(3.68) 



le 
1>ke 



The first inequality in (|3.68|) uses the Cauchy-Schwarz inequality, the second inequality uses 
the fact that £ 2~ 2 \ k - l \ £ = C, for some finite positive constant independent of k G Z, the third 

inequality employs (|3.23|) . while the forth inequality is based on the fact that h(Uq) < C2~ km 

and 2~ kd < Ca(Q), for all Q G O k (E). Since e G (0,/3), we have £ 2- 2 l fc -^- e ) = C, 

fcez 

which is used in the fifth inequality in (|3.68|) . The sixth inequality in (|3.68p follows from the 

2 

boundedness of the Hardy-Littlewood maximal operator Me on L~(E,a) (recall that 2/r > 1) 
and the fact that \Dif\ r G Lr(E,a), Finally, the last inequality in (pT68|) uses (ETSTj) . 

There remains to obtain a similar bound for A2 introduced in ()3.67|) . Note that if E 
is unbounded then k e = —00 so actually A2 = since we agreed that 5_oo = 0. Consider 
therefore the case when E is bounded, in which scenario we have k > ke G Z. An inspection of 
the proof of (|3.23p in Case / (of Step I) shows that the function Dig = Si + ig — Sig may actually 
be decoupled, i.e., be replaced by, say, Sig. This is because in Case I we have only made use of 
the regularity of the integral kernel of D\ (as opposed to Case //where the vanishing condition 
of the integral kernel of D\ is used) and the integral kernel of S\ exhibits the same type of 
regularity. Consequently, the same proof as before gives that for every r G (l,oo) there exist 
finite positive constants C and f3 such that for each k, I G Z with k, I > ke such that k > I and 
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every Q G H>k(E), there holds 



sup 

x&Aq 



5 E {x) v {Q{S ig )(x) - (&l)(x)A Q (S ig )) 



< C2~\ k -W inf 



M 2 (\g\ r )(w) ', (3.69) 



for every g : E — > R locally integrable. Applying (I3.69h with I := ke and 5 := Rf then yields 



^ 2 - C E E 2- 2 l fc ^l' 3 inf M|(|i?/| r )( 



-\k(m—d) 



d/J, 



Uq 



< 



C E E 2 " 

fcsz QeB fe (E) 
k>ke 



■2\k-K B \p 



M 2 E {\Rf\ r ) 



da 



c j> 

fcez 

k>K E 



2\k-K B \ 



M 2 E {\Rf\ r ) 



da<C 



M 2 E (\Rf\ r ) 



da 



< C [ \Rf\ 2 da<C [ \f\ 2 da, 
Je Je 



(3.70) 



since is a bounded operator on L 2 (E,a). Now (I3.67D . (|3.68j) and (j3.70p imply (|3.66p com- 
pleting the proof of the claim made in Step II. 

Step III. The end-game in the proof of the implication " (13.5|) =^ (13. 6ft ". Fix / G L 2 (E,a) and 
recall e G (0,1) from Lemma 12.211 (here is where we use that C* is as in (|2.132p ). Then by 
(|2.133l) and (I2.158jl we may write 



{x£$:\E: 6 E (x)<edia.m p (E)} 



\{Qf){x)\ 2 5 E {x) 2v ^ m - d U^x) 



< 



U u Q 

Qeo(E) 



\(Qf)(x)\ 2 5 E (x) 2 ^ m - d U^x) 



^ C E E / \{®f){x)-m{x)A Q f\ 2 5 E {x) 2v -^-d) Mx) 

fcez, k>K E QeD k (E) U Q 
+C E E / |(ei)(x)^ Q /| 2 fe(x) 2 ^( m - d )^(x). (3.71) 

2v-(m-d) dfJL ^ for each g G then in 



k£Z,k>K E QeD k (E) 



Observe that if we set Bq := f u ^ \(Q1)(x)\ 2 5e(x 
view of (|2~T3T|) . (^T58|) . and ([33]) there holds 



y B Q <C f \{@l){x)\ 2 5 E {x) 2v -^ m - d) dnix) < Ca{Q), VQ G B(£). (3.72) 



Q'eB(E),Q'CQ 



Thus, the numerical sequence {Eq}q €B ^ satisfies f)3.8f) . Consequently, Lemma [3.31 applies 
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and gives 

£ f \{Ql){x)A Q f\ 2 5 E {xf^ m - d U^x) 
QEB(E) Ju Q 

<C f \ sup / \f\da] 2 da(x) 
JE^QeO(E),xeQJ Q - 1 

<C f (M E f) 2 da <C f \f\ 2 da, (3.73) 

JE JE 

where for the last inequality in (|3.73p we have used the boundedness of Me on L 2 (E,a). By 
combining (|3.71j) . (|3.66p and (I3.73h we therefore obtain 

f \(ef)(x)\ 2 5 E (x) 2v -^ < C f \f\ 2 da. (3.74) 

J [xe^\E:6 E (x)<edia.m p (E)j JE 

Of course, this takes care of (|3.6[) in the case when diam p (£') = 00. To prove that (|3.6p 
continues to hold in the case when E is bounded, let R := diam p (£') G (0, 00), fix xq G E and 
set O := {1 £ f \i? : eR < 5e(x)}- Then for each x G there exists y £ E such that 
p#(x,y) < 28 E {x), hence 

p(x,x ) < CpP # (x,x ) < Cpmax{p # (x,y),/) # (y,xo)} < C 2 max{2, ±}<5e(x). (3.75) 

Thus, /)(x,xo) ~ Se(x) uniformly for x £ O. Based on this, estimate (|3.2p . and Holder's in- 
equality we then obtain the pointwise estimate |(0/)(x)| 2 < CR d \\f\\ 2 jji, E ^p{x,xo)~ 2 ^ d+v > for 
each x G C Consequently, for some sufficiently small c > and some C G (0, 00) independent 
of / and R, we may estimate 

\{®f){x)\ 2 5 E {x) 2v - {m - d Up(x) 

<CR d \\ff mE ., [ P# (x,x )- m ~ d dKx) 



r\B p# (x ,cR) 



00 . 

< CR d \\f\\l HE(T) Yl / p # (x,x )- m ' d dp(x) 

j=1 JB P# (x ,c2J+iR)\B p# (x ,c2JR) 
oo 

< CR d \\f\\l> {Eja) ^(2 j Ry m ~ d p,(B p# (x ,c2 j+1 R)) 

i=i 

00 

< CR d \\ff L2{Ei(7) J2( 2jR y m ~ d ( 2jR ) m ^ c WfWh(E^y (3-76) 

i=i 

Now (|3.6I) follows by combining (|3.74|> and ()3.76p . 

At this stage in the proof of the theorem, we are left with establishing the converse im- 
plication with the regularity assumption (]3.3p on the kernel now dropped. With the goal of 
proving (|3.5p . suppose that (|3.7p holds for some rj G (0, 00). Assume first that diam p (E) < 00 



55 



and pick an arbitrary rj E (77, 00). We may then estimate 

/ \{Qf){x)\H E {xf v -^- d U^x) 

J \x&5£\E: S E (x)<rj diam p (£) ) 

= i \{®f){x)\H E {xf v -^-d) d ^ x) (3.77) 

J \x£%\E:5 E (x)<ndia,m„(E) \ 



+ I , \{Qf){x)\ 2 5 E {x) 2 ^ m - d U^x), 

J {x£%\E:ri diam p (E)<6 E (x) <r) diam p (E) J 



and then observing that since by (|3.2p and Holder's inequality we have the pointwise estimate 
|(6/)(x)| 2 < C||/||2 2(£ (T) [diam p (S)]- d - 2 " whenever V dmm p (E) < 5 E (x) < rj diam p (E), the 

last integral in (I3.77P may also be bounded by C f E |/| 2 da, for some finite positive geometric 
constant independent of dianip(E'). The bottom line is that there is no loss of generality in 
assuming that 77 > appearing in (13.7P is as large as desired. 

Assuming that this is the case, fix Q E O(E) and, for some large finite positive constant 
C Q , write 

\Ql{x)\ 2 5 E {xf v - {m - d) d/x(s) 

T E (Q) 



< 



@lEnB P# (x Q ,c £(Q)))(^)| 2 ^(^) 2 ^ {m ^ ) dfi{x) 



+^Q) I |(«l^(« ,^ W )))(x)| 2 fe(x)*-^ M z) 

JT E {Q) * 

= :Zi+Z 2 . (3.78) 
Then, granted (|3.7j) and keeping in mind (12.145P and the fact that 77 is large, we may write 

*i < sfe/ |(eH # ( Ig , c «)W| 2 feW 2 "- M *W 

y ' J{x&S':0<S E (x)< V dia,m p (E)} * 



< 



/ ^EnBp ( XQ ,C £(Q))(x)\" da(x) 



a{ECM3 p# {x Q ,C l{Q))) ^ r 

given that cr is doubling. To estimate I2, observe that there exists C E (0, 00) with the property 
that 

\{®1e\b p#{ x q ,cj(Q)))(x)\ (3-80) 
<C I 5 ( E{ %L- a Mv) < C£(Qr^6 E (x)- a , VxeT E (Q). 

J p#{x,y) d+v a 

E\B p# (x Q ,C o e(Q)) 

This is based on (|3.2p , (I3.20p (used here with / = 1 and e = v — a > 0) and on the fact that C 
has been chosen sufficiently large (compare with (|3.40p ). Consequently, from (|3.80p . f|2. 145[) . 
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and (|3.22p in Lemma 13.61 (for which we recall that v — a > 0) 

' JT E {Q) 

JB p# {x Q ,Ce(Q)) 

< -^l(Q)- 2 ( v - a )e(Q) m - d + 2 ( v - a )-( m - d )£(Q) d < C < oo, (3.81) 

given that <r(Q) « £{Q) d - In concert, (|3.78p ~ (|3.81 j) prove (|3.5p . and this finishes the proof of 
the theorem. □ 

3.2 An arbitrary codimension local T(b) theorem for square functions 

We continue to work in the context introduced at the beginning of Section [3j The main result in 
this subsection is a local T(b) theorem for square functions, to the effect that a square function 
estimate for the integral operator Q holds if there exists a suitably nondegenerate family of 
functions {&q}, indexed by dyadic cubes Q in E, for which there is local scale-invariant L 2 
control of QbQ, appropriately weighted by a power of the distance to E. To state this formally, 
the reader is again advised to recall the dyadic cube grid from Proposition 12.121 and the 
regularized distance function to a set from (|2.19p . 

Theorem 3.7. Let d,m be two real numbers such that < d < m. Assume that (X , p, /i) 
is an m-dimensional ADR space, E is a closed subset of (&,t p ), and a is a Borel regular 
measure on (E,r p \ E ) with the property that (E, p\ E ,a) is a d-dimensional ADR space. 

Suppose that 6 is the integral operator defined in (|3,4p with a kernel 9 as in (|3.ip . (|3.2p . 
(|3.3I) , Furthermore, letH(E) denote a dyadic cube structure onE, consider a Whitney covering 
W\(,!%~ \E) of S£ \E and a constant C* as in Lemma \2.21\ and, corresponding to these, recall 
the dyadic Carleson tents from (|2.13ip . 

For these choices, assume that there exist finite constant Co > 1, Co € (0, 1], and a collection 
{^q}<96D(-B) °f o- -measurable functions 6q : E — > C such that for each Q G O(E) the following 
estimates hold: 

1. j E \b Q \ 2 da<C a(Q); 

2. there exists Q £ B(E), Q<^Q, £(Q) > c £(Q), and 

3. J Te(q) \(eb Q )(x)\ 2 8 E (x)^-( m ^ d^x) < C a(Q). 

Then there exists a finite constant C > depending only on Co, Cq, and the ADR constants 
of E and X , as well as on diam p (S) in the case when E is bounded, such that for each function 
f £ L 2 (E,a) one has 

[ \{Qf){x)\ 2 5 E {x) 2 ^ m - d U^x)<C f \f(x)\ 2 da(x). (3.82) 

J X\E JE 

Before giving the proof of Theorem 13.71 we present a stopping-time construction and elab- 
orate on the way this is used. 



J 5 b Q da > ^ct(Q); 
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Lemma 3.8. Assume (E, p, o) is a space of homogeneous type with the property that o is 
Borel regular, and denote by D(E) a dyadic cube structure on E. Suppose that there exist 
finite constants Cq > 1, cq G (0,1), and a collection {feglggB^) of a -measurable functions 
bQ : E — > C such that 

/ \b Q \ 2 do < C o(Q) for every Q G O(E), and (3.83) 
Je 

VQ G B(E) 3Qe 3(E), QCQ, £(Q) > c £(Q) with 



do 



>-^o(Q). (3.84) 



Then there exists a number r] G (0, 1) such that for every cube Q G U>(E), and each fixed Q as 
in (|3.84p . one can find a sequence {Qj}j eJ ^ O(E) of pairwise disjoint cubes satisfying the 
following properties: 

(i) Qj Q Q for every j G J and o^Q \ UjejQj) - V°~(Q); 

(ii) if 

Fq := |Q' G 3(E) : Q' C Q and Q' is not contained in Qj for every j G J}, (3.85) 



then 



J- Q ,bQ do >\ for every Q' G Tq 



Proof. Granted the regularity of the measure o, it follows from (3) and (9) in Proposition 12 . 121 
that for each k G Z and each Q G H>k(E) we have 



o[Q\ |J Q'J = for every £eZ with I > k. (3.86) 

Q'CQ,Q'£O e (E) 

Thanks to (|3.83j) - f|3.84[) . we may re-normalize the functions {&q}q£D(_e) so that -f^bQdo = 1 

for each Q G B(-E), where Q is as in (I3.84|) . In the process, the first inequality in (|3.83j) 
becomes 

/ \b Q \ 2 do < C$o(Q), for each Q G B(E). (3.87) 
Je 

Fix Q G O(E) and a corresponding Q as in (]3.84p . In particular we have 

o(Q) < C\o(Q) for some C\ G [l,oo) independent of Q,Q. (3.88) 

Next, perform a stopping-time argument for Q by successively dividing it into dyadic sub-cubes 
Q' C Q and stopping whenever Ke^f^bQ d<r < ^. That this is doable is ensured by (|3.86[) and 
the re-normalization of bq. This yields a family of cubes {Qj}j € j Q O(E) such that: 

(1) Qj^Q^Q for each j £ J and Qj fl Qj' = ^ whenever j,f £ J, j ^ j'; 

(2) Re^fg bQdo < \ for each j G J; 

(3) the family {Qj}j £ j is maximal with respect to (1) and (2) above, i.e., if Q' G H>(E) is 
such that Q' C Q, then either there exists jo G J such that Q' C Q J0 , or Re^f „,&q do > \. 
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Then we may write 

a (Q) = / do = Re / 6q da + \ . ^ e / d,o 

Jo Ja\a\^rQj) fri J Qi 



< 



J6J 

< c|a(Q)^(Q \ U^jQ^ + i ff (Q) 

< c\cIg{Q)\g{Q\^jQ^ ^\a{Q), (3.89) 

where the first inequality in (|3.89p is based on Holder's inequality and condition (2) above, the 
second inequality uses (I3.87j) and (1) above, while the last inequality is a consequence of (|3.88p . 
After absorbing \a(Q) in the leftmost side of ()3.89p and setting rj := 4g * g a £ (0, 1), it follows 

that o(Q \ Uj£jQj) > na(Q), thus condition (i) holds for the family {Qj} eJ constructed 
above. In addition it is immediate from property (3) that condition (ii) is also satisfied. □ 

A typical application of Lemma f)3.8[) is exemplified by our next result. 

Lemma 3.9. Assume that (JT , p) is a geometrically doubling quasi-metric space, p is a Borel 
measure on ,t p ) and that E is a nonempty, closed, proper subset of , r p ). Also, suppose 
that a is a Borel regular measure on E with the property that (E, p\ E , a) is a space of homoge- 
neous type and denote byO(E) a dyadic cube structure on E. Next, assume thatW \(££ \ E) is 
a Whitney covering of X \ E as in Lemma \2.24\ (for some fixed a > 1), and recall the regions 
{^q}q&(e) from (]2.130p relative to this cover. Finally, assume the hypotheses of Lemma \S.8[ 
and for each cube Q £ B(2£), recall the collection Tq from (I3.85P and define 

E Q-= U U Q'- ( 3 - 9 °) 
Then for every 7 £ M and every p-measurable function u : \ E — )• M. it follows that 

/ |u(x)| 2 ^(x) 7 d^(x) « ^2 / luix^Q'bQdo-^Eix) 1 dfi(x), (3.91) 

with finite positive equivalence constants, depending only on Co from (|3.83p -( |3.84p . 

Proof. This readily follows by combining (|2.158p . (|3.83j) - (j3.84p and (ii) in Lemma 13.81 □ 

We are now ready to present the 

Proof of Theorem 3.1. Based on Theorem 13.21 it suffices to show that |©1| 2 (5^ ^ m ^ dp is a 
Carleson measure in \ E relative to E, that is, that (I3.5P holds. In a first stage, we shall 
show that ()3.5p holds for @ replaced by some truncated operators 9;, i £ N. More precisely, 
for each i G N consider the kernel 

e i (x,y):=l {1/i<SE<i} (x)e(x,y), Vxe^\£, Vy G E, (3.92) 
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and introduce the integral operator mapping f : E —>M. into 



(e 4 /)(x) := 



l (x,y)f(y)da(y), Vxe$?\E. 



Clearly, 

e i = l { i/i < 8 E<i }&, ViGN, 
and, with Cq as in (j3.2|) . for every x G & \E we have 



(z,y) - 0i(z,y)| < 



p(y,y) a 8E(x 



(3.93) 



(3.94) 



(3.95) 



d+v—a ' 



Vy,y£E, p{y,y) < hp(x,y). (3.96) 



Then for each i G N and each x G S£\E by (|3.93[) . ()3.95j) and Lemma [331 (given that t> — a > 0) 
we have 

I I < Cl {1/i<SE<i} (x) J e — da( y ) < Cl {1/i<fa<i} (a)[fe(a)]-" 

< C^l {lA<M (x). (3.97) 
Recalling now (|2.145j) , estimate (|3.97p further yields (with xq denoting the center of Q) 



T E (Q) 



\(@ t l)(x)\ 2 5 E (x) 



2v—(m—d) 



dp(x) 



■ r r [ 5 E {x) 2v - {m - d) dp{x) 

Jx£B p# (xq,C£(Q)), S E (x)<i 

<Ci 4v £(Q) d <Ci Av a{Q), VQGB(£), 



(3.98) 



for some constant C G (0, oo) which does not depend on Q and i, where the second inequality 
in (|3.98p is a consequence of Lemma 13.61 Hence, if we now define 



q := sup 

QeD(-E) 



^ / \{® t l)(x)\H E (xf"-^ 
K ' JT E (Q) 



dp{x) 



Vi G N, 



(3.99) 



then (13. 98ft implies < Cj < Ci 4v for each i G N. In particular, each Cj is finite. Our goal is to 
show that actually 



SUp Cj < oo. 

iGN 



(3.100) 



To this end, fix Q G O(E) and for this Q consider some Q satisfying 2. in the hypothesis of 
Theorem 13.71 (recall the constant cq). In particular, we have that 



3p G N satisfying p<— log 2 (co) and such that Q G B P (E). 



(3.101) 
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Next recall Lemma 13.81 and Lemma 13.91 and the notation therein. Then, from the definition of 
Eq, (l3~T0TTl and (|2.131|) . we have 

T E (Q)QE* Q u[\jT E (Q J ))u[ [j T E (Q")). (3.102) 

■? eJ Q"eO p (E),Q"CQ,Q"^Q 

Consequently, for each isNwe may write 

|(Oa)(^)| 2 ^(^) 2 ^ (m ~ d) d M (x) (3.103) 

T B (Q) 

< | Kea)(x)| 2 fe(x) 2 ^( m - d )^(x) + ^ y |(Ga)(x)| 2 ^(x) 2 ^-( m - d )^(x) 

+ Yl J m^(.x)\ 2 5 E (x) 2v ^ m - d u^x). 

Q"£B p (E),Q"CQ T E (Q") 

To estimate the first integral in the right hand-side of (|3.103p start with (|3.9ip written for 
u := 0jl. Keeping in mind that |Ojl| < |01| for all i S N, we obtain 

f \Qd(x)\ 2 S E (x) 2v ~^ d(i(x) <C f \m)(x)A Q/ b Q \ 2 5 E (x) 2v - (m -^ dfi(x) 

<C I \{Qb Q ){x)\ 2 5 E {x) 2 ^ m - d U^{x) 

Q'&(E),Q'CQ JU Q' 

+CJ2 [ \(Qb Q )(x)-(Ql)(x)A Q/ b Q \ 2 5 E (x) 2 ^ m - d U^x) 
<C [ \{Qb Q ){x)\ 2 5 E {x) 2v -( m - d U^x) + C j \b Q \ 2 da<Ca(Q). (3.104) 

JT E {Q) JE 

The second inequality in ([3. 104[) is immediate, the third uses (|2.13ip and f|3.66j) (the latter 
applied with / := 6q), while the fourth uses assumptions 1 and 3 of Theorem 13.71 

Consider next the first sum in the right hand-side of (|3. 1Q3|) . Upon recalling (|3,99p and 
the properties of Qj's in Lemma 13.81 we may write 

J mi)(x)\ 2 5 E (x) 2v -^ dfi(x) < c i J2<r(Qj) = Ci<r{U j ejQ j ) 

j&J T E (Q 3 ) jeJ 

= Cia(Q) - Cia(Q\U je jQj) 

< Ci(l-r])a(Q). (3.105) 

Upon recalling (|3.99p we obtain 

Y J mi)(x)\ 2 5 E {x) 2v -^ dfi(x) < aa(Q \ Q). (3.106) 

Q"en p {E),Q"QQ t e (Q") 
<}'■■■() 
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In concert, (|3. 103j) . ([3. 104[) . (|3. 105|) . and (|3. 106|) imply that there exists a finite constant C > 
with the property that for every i G N there holds 

I |G4| 2 4"" (m ~ d) dn < c i {l-7 1 )a{Q) + c l (j{Q\Q) + Ca{Q) 

Jt e {Q) 

< Cia(Q)-aria(Q) + Ca(Q) 

< c i a(Q)-c i 7 ] C{ 1 a(Q) + Ca(Q) 

= c i (l-r ] C^ 1 )a(Q) + Ca(Q), VQ E B(E), (3.107) 

where for the last inequality in ()3.107p we have used (j3.88p . Dividing both sides of (|3. 1Q7|) by 
cr(Q) and then taking the supremum over all Q E U)(E) we obtain q < q (1 — 7/C-f 1 ) + C and 
furthermore, since q < Ci 4v < oo, that o L < r]~ 1 CiC for all i E N. This finishes the proof of 
(l3~TU(l . 

Having established this, for each Q E H)(E) we may then write, using (I3.94D and Lebesgue's 
Monotone Convergence Theorem, 

\(&l)(x)\ 2 S E (x) 2v -^ dfi(x) = lim I \(ed)(x)\ 2 6 E (x) 2v ^ m - d U^x) 

T E (Q) 1 ^°°Jt e (Q) 

< (sup Ci ) a(Q) < Ca{Q), (3.108) 



for some finite constant C > independent of Q. This completes the proof of (13. 5p and finishes 
the proof of Theorem 13.71 □ 



4 An Inductive Scheme for Square Function Estimates 

We now apply the local T(b) Theorem from the previous section to establish an inductive 
scheme for square function estimates. More specifically, we show that an integral operator 0, 
associated with an Ahlfors-David regular set E as in (13. 4ft . satisfies square function estimates 
whenever the set E contains (uniformly, at all scales and locations) so-called big pieces of sets 
on which square function estimates for @ hold. In short, we say that big pieces of square 
function estimates (BPSFE) imply square function estimates (SFE). We emphasize that this 
"big pieces" functor is applied to square function estimates for an individual, fixed 0. Thus, 
the result to be proved in this section is not a consequence of the stability of UR sets under 
the big pieces functor, as our particular square function bounds may not be equivalent to the 
property that E is UR. 

We continue to work in the context introduced at the beginning of Section [3j except we 
must assume in addition that the integral kernel 6 is not adapted to a fixed set E. In particular, 
fix two real numbers d, m such that < d < m, and an m-dimensional ADR space (&,p,n). 
In this context, suppose that 

9 : [X x X) \ Ux,x) : x E X} -^R 

(4.1) 

is Borel measurable with respect to the product topology r p x t p , 
and has the property that there exist finite positive constants Cg, a, v such that for all x, y E X 
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with x ^ y the following hold: 



p{x,y) c 



\e&y)\< „\ d+v , (4.2) 

\9(x,y)-9(x,y)\<C e VyEJT\{*} with p(y,gf) < ±p(z )2/ ). (4.3) 



Then for each closed subset -E of (^*,r p ), and each Borel regular measure a on {E,T p \ E ) with 
the property that (E, p\ E , a) is a d-dimensional ADR space, define the integral operator Qe 
for all functions / G L P (E, a), 1 < p < oo, by 

(e E f)(x):= [ 9(x,y)f(y)da(y), VxGJT\£. (4.4) 

We begin by defining what it means for a set to have big pieces of square function estimates. 

Definition 4.1. Consider two numbers d,m G (0,oo) suc/i i/iot m > d, suppose that ,p,p) 
is an m- dimensional ADR space, and assume that 9 is as in (|4.ip - (|4.3p . In this context, a 
set E C is said to have Big Pieces of Square Function Estimate (or, simply BPSFEj 
relative to the kernel 9 provided the following conditions are satisfied: 

(i) the set E is closed in ,r p ) and has the property that there exists a Borel regular 
measure a on (E,r p \ E ) such that (E, p\ E ,a) is a d-dimensional ADR space; 

(ii) there exist finite positive constants r\, C\, and C2 with the property that for each x £ E 
and each real number r G (0, diam p# (£')] there exists a closed subset E XtT of {5£ , r p ) such 
that if 

a Xir := ^ <p# [E Xtr , where JTj- p# is as in ([229]), (4.5) 

then (E XiT , p\ E ,o" Xjr ) is a d-dimensional ADR space, with ADR constant < C\, and 
which satisfies 

a (E Xjr n E n B p# (x, r)) > r, r d , (4.6) 

as well as 

[ \@ Ex J{z)\ 2 di S t p ^{z,E x ,.f v -^- d Up{z) <C 2 f \f\ 2 da x , r 
for each function f G L 2 {E x ^ r ,a X)r ), 
where &E xr is the operator associated with E X)T as in (|4.4p . 

In the context of the above definition, the constants 77, C\, C2 will collectively be referred to as 
the BPSFE character of the set E. 

The property of having BPSFE may be dyadically discretized as explained in the lemma 
below. 

Lemma 4.2. Let d,m G (0, 00) be such that m > d, assume that ', p, p) is an m- dimensional 
ADR space, and suppose that 9 is as in (|4.ip -( l4T3l) . In addition, let E C be such that (i) in 
Definition^. 1\ holds and consider the dyadic cube structure J}(E) on E as in Proposition ^. 



63 



Then the set E has BPSFE (relative to 9) if and only if there exist finite positive constants 
rj, Ci, C2 with the property that for each Q G J}(E) there exists a closed set Eq C X such that 
'I 

a Q :=^i- p# [E Q , (4.8) 
then {Eq,p\ E ,<jq) is a d- dimensional ADR space with ADR constant < C\ which satisfies 

^i P# (E Q nQ)> V J?l p# (Q) (4.9) 

as well as 

[ |G £Q /(x)| 2 dist p# (x,S Q ) 2 -(— d ) dp(x) <C 2 [ |/| 2 da Q , 
Jx\e q ( Je q (4.10) 

for each function f G L 2 (Eq,uq). 

Proof. The left-to-right implication is a simple consequence of (|2.50p . while the opposite one 
follows with the help of (|233|) . □ 

We now state and prove the main result in this section. 

Theorem 4.3. Consider two numbers d,m G (0, 00) such that m > d, suppose that (&,p,p) 
is an m- dimensional ADR space, and assume that 9 is as in (|4.ip - (|4.3p . 

If the set E C ^ has BPSFE relative to 9 then there exists a finite constant C > 0, 
depending only on p, m, d, v, Cg (from (|4.2|) - ([4.3|) _), the BPSFE character of E, and the ADR 
constants of E and X , such that 

[ \e E f(x)\ 2 5 E (x) 2v ^ m ~ d Up(x)<C [ \f\ 2 da, \/feL 2 (E,a), (4.11) 

J X\E JE 

where 

a ■= p# [E, with ^J; p# as in (jXMp . (4.12) 

Proof. Since E has BPSFE relative to 9, by Lemma 14.21 f° r each Q G 3(E) there exists Eq 
satisfying (|4.9|) - (|4.10|) . For each Q G H>(E), we then define the function 6q : E — > R by setting 

b Q (y) :=l QnEQ (y), Vy G £?. (4.13) 

The strategy for proving (|4.1ip is to invoke Theorem 13.71 for the family {frQ}geiD>(£;)- As such, 
matters are reduced to checking that conditions 1.-3. in Theorem 13.71 hold for the collection 
{^q)q&>{E) defined in (|4.13p . Now, condition 1. is immediate, while the validity of condition 
2. (with Q := Q) is a consequence of (|4.9p . Thus, it remains to check that condition 3. holds 
as well. To this end, fix Q G H(E) and for some constant C\ G (l,oo) to be specified later 
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write (employing notation introduced in (|2.19p in relation to both E and En) 

I \& E b Q (x)\ 2 5 E (x) 2v -( m - d Un(x) 

JT E (Q) 

= [ \@ E b Q (x)\ 2 l {ze ^ 5 {z)>ClSEiz)} (x)5 E (x) 2 ^ m - d U^x) 

JT E {Q) 

+ / \& E b Q (x)\ 2 i {zeX:C ^ SEm s u^wMSEixr-^drtx) 

JTk(Q) y 



+ 



T E {Q) 

\@ E b Q (x)\ 2 l {z ^ :S {z)<c i SEiz)} (x)6 E (xr-(™- d Un(x) 

T E (Q) 1 W l aw; 

= :I 1 + I 2+ I 3 . (4.14) 

To proceed with estimating Ii we first obtain a pointwise bound for E bn. To this end, 
first observe that 

O := {z G X : 5 Eq (z) > C x 5 E {z)} => n £ Q = 0. (4.15) 

Hence, (|4.13p . f|4.2j) and (|3.19p in Lemma [331 give that, for some finite C > independent of 
the dyadic cube Q, 



\Q E b Q (x) 



K x ,v) h Q(v) da (y) 



< [ \6(x,y)\da(y) < ° Vx G O. (4.16) 



Also, (|4.9p guarantees that Q n .Eq 7^ 0, and we fix a point xo G Q D £q. By ([2.1450 . there 
exists c G (0,oo) such that T E (Q) C B p# (xo, c£(Q)) which when combined with ([4.160 gives 

ii < C / 5 EQ {x)~ 2v 5 E {x) 2v ^ m - d ^ dfx(x). (4.17) 

JB P# (x ,c£(Q))nO 

At this stage, select a constant M G (C^,oo], choose C\ G (M, 00), and observe that if 

x G O then > 5 E (x), hence _B p# (x, £ Sq (x)/M) n E 1 / 0. Recalling Lemma [2TTT1 it 

follows that there exists C G (0, 00) such that 

^rS<«**(^(>.<^)n4 v, e o. (4.i 8 ) 

Using this in (|4.17j) we obtain 

h<C J ( I ldjr| iP# (z))^ Q (x)- 2 "-^(x) 2 «-( m - d )^(x). (4.19) 

B p# {x ,ce(Q))nO Bp# ( X:Cp 6 EQ (x)/R4)nE 

We make the claim that for each $ G (0, 1) 

if x G X \ Eq and z£ f are 1 1 — i? 



such that p#(x,z) < q-S Eq (x) J C p 



-fe Q (x)<<5 BQ (z)<C p fe Q (x). (4.20) 
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Indeed, for each 77 > 1 close to 1 we may take y G Eq satisfying p#(y,x) < t]5eq{x) which 
implies that Se q (z) < p#(y,z) < C p max{/5#(y, x), /?#(x, z)} < C p t]5eq(x). Upon letting 
r] \ 1 we therefore obtain 5e q (z) < C p 5e q (x). On the other hand, for each w G Eq we have 
^Eq(x) < p#(x,w) < C p p#(x,z) + C p p#(z,w) < $5e q (x) + C p p#{z,w), which further yields 
$e q {x) < j^Seq(z). This concludes the proof of (|4.20p . 

Going further, fix x G B p# (xo, c£(Q)) n O and z G -B p# (x, C p 5e q (x) /M) n i? and make two 
observations. First, an application of (|4.20p with i9 := C 2 /M G (0,1) yields 

M — C 2 C C 2 

MC ^ feqM < ^q(^) < Cp^qN and A>#(*> x ) < ^^ Q (^) < ^-^^qW, (4.21) 

c 2 

hence x G -B p# ( z ? m-C 2 ^ e q^) ' Second, recalling that xo G Eq, M > C p and C p > 1, we 
obtain 

p#(x ,z) < C p max{p#(x ,x),p#(x,z)} < C p max{c£(Q), j^S Eq (x)} (4.22) 
< C p max{c£(Q), -^-Se q (x)} < C p max{c£(Q), ^p#(xo, x)} =C p c£(Q), 

which shows that z G B p# (xo, C p cl(Q)). Combining these observations with (|4.2ip . keeping in 
mind ()4.15p . and using Fubini's Theorem in (|4.19p . we may write 



h < C 



5 EQ {z)- 2v - d { J 8 E {xf^™- d ) dp{x)) dJt% tP# (z) 



(x ,C p ci(Q))n(E\E Q ) Bp# ^_£L^ Seq (z))\E q 



<C J 5E Q (z)- 2v - d 5 EQ (z) 2v+d d^l p# (z) 

B P# (x ,C p ce(Q))n(E\E Q ) 

< C^, P# (B p# (x q , C p cl(Q)) riE)< Ct{Q) d < Ca(Q), (4.23) 

where for the second inequality in (14.230 we used Lemma 13.61 (with 7 := (to — d) — 2v and 

c 2 

r := R := m _H C 'i $Eq{z)), and for the last two inequalities the fact that [E, p\ E , Jtf?,^ p ^ [E^ is 
d-ADR and xq G E. 

To estimate I3, we first note that since Te(Q) fl E = then (|4.2p and (|3.19p give that 



\@ E b Q (x) 



[ 6(x,y)b Q (y)da(y) < [ \9(x,y)\ da(y) < — Vx G T E (Q), (4.24) 
Je Je d E [x) v 



for some finite C > independent of Q. Also (compare with (I4.16P ). |0,e&q(x)| < C5e q (x)~ v 
for each x G Te(Q) \ Eq. Fix a, (3 > such that a + (3 = v. A logarithmically convex 
combination of these inequalities then yields 

\<3>Eb Q (x)\ < C6 EQ (x)- a 6 E (x)-P Vx G T E {Q) \ E Q . (4.25) 

Observe that, by assumptions and Lemma 12.101 we have p(Eq) = 0. Using this and (|4.25p in 
place of (I4.16p . we obtain (compare with (|4.17p ) 

h<C I 5E(x)- 2 ^ 2v -^- d h EQ (x)- 2a dp,(x), (4.26) 

J B p ^(x ,cl(Q))n(O\E Q ) 
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where, this time, we have set 

0:={ze 3? : 8 e (z)>C 1 5 Eq (z)}. (4.27) 

Given the nature of (|4.26p . (|4.27p . the same reasoning leading up to (|4.23|) used with E and 
Eq interchanged this time gives 

h<C J 5 E (z)- 2 ? +2v - m ( J 5 E (x)- 2a d f i(x))d^'l p# (z) 

B P# {x ,C p c£(Q))n{E Q \E) Bp# (z, J ^L I 5 E {z))\E 

<C I 5 E {zy 2 P +2v - m 5 E {z)- 2a+m dJZ>l p# {z) 

B P# (x ,C p ce(Q))n(E Q \E) 

< CJfl p# (B p# (x , C p c£(Q)) n Eq) < C£(Q) d < Ca{Q). (4.28) 



(j2 

Above, the second inequality follows from Lemma [3.61 (used with r := R := M _ P c -2 S E (z)) 

provided we choose < a < (m — d)/2 to begin with. Also, for the last two inequalities in 
(|4.28p we have made use of the fact that both (E, p\ E , J?£ p# \E) and (E Q , p\ Jf^ p# [E Q ) 
are d-ADR spaces and that xq G E n Eq. 

We are left with estimating I 2 . With C\ as above, thanks to f|4.13[) . (|4.4p . and (|2.32p we 
have 

" \®E Q b Q {x)\ 2 X {z ^ ; .^, E{z)<& ( , )<Cl5B(2)} (x)fe(x) 2 -(- rf )^(x). (4.29) 

T e {Q)\Eq v 



Hence, we may further use (|4.29p and (|4.10p in order to write (with gq as in (|4.8p ) 

h < cl \&E Q b Q (x)\ 2 5 EQ {xf^ m - d Up{x) 

JX\E Q 

< C [ \b Q \ 2 da Q < Cje£- p# (QnE Q ) < Ca(Q), (4.30) 

which is of the correct order. 

Now the fact that condition 3 in Theorem 13.71 is satisfied for our choice of 6q's follows by 
combining (gZHj) , (f4T23|) . (^28]) and (14T301) . This finishes the proof of the theorem. □ 

We conclude this section by taking a closer look at a higher order version of the notion of 
"big pieces of square function estimates." To set the stage, in the context of Definition 14.11 let 
us say that a closed subset E of (^T,t p ) with the property that there exists a Borel regular 
measure a on (E,r p \ E ) such that [E, p\ E , a) is a <i-dimensional ADR space has (BP)°SFE 
relative to 9, or simply SFE relative to 8 ("Square Function Estimates relative to 6"), 
provided there exists a finite positive constant C such that 

\® E f{z)\ 2 dist p# {z,Eyv-^- d U»{z) <C I \f\ 2 da 

X\E JE (4-3 1 ) 

for each function / G L 2 (E,a). 
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In addition, we shall say that E has (BP) SFE whenever E has BPSFE. 

We may then iteratively interpret U E has (BP) fc+1 SFE" as the property that E contains big 
pieces of sets having (BP) fc SFE, in a uniform fashion. More specifically, we make the following 
definition. 

Definition 4.4. Consider two numbers d,m E (0, oo) such that m > d, suppose that (££,p,fj,) 
is an m- dimensional ADR space, and assume that 9 is as in (|4.ip - (|4.3p . Also, suppose that 
k E N. In this context, a set E C 3£ is said to have (BP) fc+1 SFE relative to 9 provided the 
following conditions are satisfied: 

(i) the set E is closed in ,r p ) and has the property that there exists a Borel regular 
measure a on (E,r p \ E ) such that (E, p\ E ,a) is a d-dimensional ADR space; 

(ii) there exist finite positive constants r/, C\, and C2 with the property that for each x E E 
and each real number r E (0, diam p# (£')] there exists a closed subset E x ^ r of(^,r p ) such 
that if 

Gx r ■= [E x , r , where ^ p is as in (p^9jh (4.32) 

then (E x>r , p\ E ,<J x ,r) is a d-dimensional ADR space, with ADR constant < C\, and 
which satisfies 

a (E x>r r\Er\B p# {x,r))>r,r d , (4.33) 

as well as 

E x>r has (BP) fc SFE relative to 9, with character controlled by C%. (4.34) 

In this context, we shall refer to 77, C\,C>2 as the (BP) fe+1 SFE character of E. 

The following result may be regarded as a refinement of Theorem 14.31 

Theorem 4.5. Consider two numbers d,m S (0, 00) such that m > d, suppose that {3fc ,p,p) 
is an m- dimensional ADR space, and assume that 9 is as in (|4.ip - (|4.3p . Also, suppose that 
the set E is closed in (&,t p ) and has the property that there exists a Borel regular measure a 
on (E,T p \ E ) such that (-E 1 , p\ E , a) is a d-dimensional ADR space. 
Then the following claims are equivalent: 

(i) E has (BP) fc SFE relative to 9 for some k G N; 

(ii) E has (BP) fc SFE relative to 9 for every k E N; 

(Hi) E has (BP)°SFE relative to 9. 

Proof. It is clear that if E has (BP) fc SFE relative to 9 for some k E No then E also has 
(BP) fe+1 SFE relative to 9, since obviously E has big pieces of itself. This gives the implications 
(Hi) =>■ (i) and (Hi) => (ii) in the statement of the theorem. Also, the implication (ii) (i) is 
trivial. Finally, in light of Definition 14. 4^ Theorem 14.31 combined with an induction argument 
gives that (i) => (Hi), completing the proof. □ 
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5 Square Function Estimates on Uniformly Rectifiable Sets 



Given an n-dimensional Ahlfors-David regular set £ in R n+1 that has so-called big pieces 
of Lipschitz graphs (BPLG), the inductive scheme established in the previous section allows 
us to deduce square function estimates for an integral operator 0£, as in (|4.4p . whenever 
square function estimates are satisfied by ©r for all Lipschitz graphs T in M n+1 . Furthermore, 
induction allows us to prove the same result when the set £ only has (BP) fc LG for any k G N. 
The definition of (BP) fc LG is given in Definition 15.51 A recent result by J. Azzam and R. Schul 
(cf. [8j Corollary 1.7]) proves that uniformly rectifiable sets have (BP) 2 LG (the converse 
implication also holds and can be found in [26, p. 16]), and this allows us to obtain square 
function estimates on uniformly rectifiable sets. 

We work in the Euclidean codimension one setting throughout this section. In particular, 
fix n G N and let M n+1 be the ambient space, so that in the notation of Section HI we would 
have d = n, m = n+1 and (^T, p, p) is with the Euclidean metric and Lebesgue measure. 
We also restrict our attention to the following class of kernels in order to obtain square function 
estimates on Lipschitz graphs. Suppose that K : M n+1 \ {0} — > M satisfies 

K G C 2 {WL n+1 \ {0}), K(Xx) = \~ n K{x) for all A > 0, x G M n+1 \ {0}, K is odd, (5.1) 

and has the property that there exists a finite positive constant Ck such that for all j G {0, 1, 2} 
the following holds: 

\V j K(x)\ < C K \x\~ n -\ VxGM n+1 \{0}. (5.2) 

Then for each closed subset £ of R n+1 , denote by a := J^ n+ i [T> the surface measure induced 
by the n-dimensional Hausdorff measure on S from (|2.29j) . and define the integral operator T 
for all functions / G £ p (£, <r), 1 < p < oo, by 

Tf(x):= [ K(x-y)f(y)da(y), VxGM n+1 \£. (5.3) 
Jt, 

In the notation of Section HI we consider the set E = S and the operator Qe = VT with 
integral kernel 9 = VK. We begin by proving square function estimates for VT in the case 
when S is a Lipschitz graph. The inductive scheme from the previous section then allows us 
to extend that result to the case when X has (BP) fc LG for any k G N, and hence when £ is 
uniformly rectifiable. 



5.1 Square function estimates on Lipschitz graphs 

The main result in this subsection is the square function estimate for Lipschitz graphs contained 
in the theorem below. A parabolic variant of this result appears in |42j . and the present proof 
is based on the arguments given there, and in |37j . 

Theorem 5.1. Let A : W 1 — > M be a Lipschitz function and set E := {(x,A(x)) : x G M n }. 
Moreover, assume that K is as in (15. lh and consider the operator T as in (|5.3h . Then there 
exists a finite constant C > depending only on \\d a K \\L°°(S n ) f or \ a \ — 2? and the Lipschitz 
constant of A such that for each function f G L 2 (E,a) one has 

[ \(VT f)(x)\ 2 dist(x, dx <C [ \f\ 2 da. (5.4) 
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As a preamble to the proof of Theorem 15. 11 we state and prove a couple of technical lemmas. 
The first has essentially appeared previously in [13], and is based upon ideas of 



Lemma 5.2. Assume that A : R n — > R is a locally integrable function such that VA G L 2 (M. n ). 
Pick a smooth, real-valued, nonnegative, compactly supported function cj) defined in M. n with 
J Rn 4>(x) dx = 1 and for each t > set 4>t{x) := t~ n (p(x/t) for x G W 1 . Finally, define 

E A (t,x,y):=A(x)-A(y)-(V x (&*A)(x),(x-y)), Vx, y G R n , Vt > 0. (5.5) 

Then, for some finite positive constant C = C(<fi, n) ? 

/ t- n - 2 / / \E A (t,x,y)\ 2 dydxf<CX n+3 \\VA\\ 2 L2(Rn) , VA > 1. (5.6) 

J JR n ^|a;-y|<At 

Proof. Starting with the changes of variables t = A _1 t, y = x + h and then employing 
Plancherel's theorem in the variable x, we may write (with 'hat' denoting the Fourier trans- 
form) 

r r dt 

\x-y\<\t * 



' ' \E A (t,x,y)\ 2 dydxj (5.7) 

T- n - 2 [ [ \A{x)-A{x + h) + {V x {(j) X -i T *A){x),h)\ 2 dhdx — 

Jo JR n J\h\<T T 



\n+2 



v+ 2 I I I h _,^-'<-' + ,7, /,■■;„ \-' T , »r 3 g0iL 2 - ■ ' /r 



poo 

' ' ' ll-e^+^^^A-VOr^^d^C- 

'|h|<T 

= A»«f7 / |l-e^ + , :( e ro) ?(A-'rC)r ^ 2rfw jr 
Jo 7r- 7|^|<i r z \Q 2 t 

where the last equality in (|5.T[) is based on the change of variables h = tuu. 
Next we observe that for every £ G 1" and w G M n with lid < 1 there holds 



^ < c mi H r|c| ' ^jci 



{r|CI,^r} (5-8) 



for some C > depending only on 0. To see why (|5.8p is true, analyze the following two cases. 
Case 1. r|C| < v^: 

In this situation the minimum in the right hand-side of (|5.8p is equal to t|C|- m addition, if 
we use Taylor expansions about zero for the complex exponential function and 4>, we obtain 
(keeping in mind that 0(0) = 1, A > 1 and < 1) 

|! _ e lT ^ +iT((,w)+iT{(,w) (0(A-VC) - 1)| < Ct 2 \(\ 2 , (5.9) 
which shows that (|5.8p holds in this case. 
Case 2. r|C| > v^: 

In this scenario the minimum in the right hand-side of (|5.8p is equal to d^r. Moreover, 
|l_ e -<C,»> + T ( C;W )0( A -i rC )| < 2 + r|C| ^(A-VOl 

< 2 + Cr|C|(l + A- 1 r|C|)- 1 <CA, (5.10) 
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since the Schwartz function <f> decays, A > 1 and \w\ < 1. Consequently, (|5.8p holds in this 
case as well. 

With (|5.8|) in hand, we proceed to integrate in r € (0, oo) with respect to the Haar measure 
to further obtain 

|l_ e *r(C,«> +ir(C,u»)0(A- 1 rC)| 2 dr f°° . r 2lAl2 A 2 ~\ dr 



< 



Jo min v 2|c|2 '^W/ 



r 2 |C| 2 T -J I 'r 2 |C| 2 J r 

V^A/ICI /-oo \2 

r|C| 2 ^+ / -377,2 ^ < CA. (5.11) 

A combination of (15. 7p . (15. lip and Plancherel's theorem now yields (|5.6() . finishing the proof 
of Lemma 15.21 □ 

The second lemma needed here has essentially appeared previously in |63j . 

Lemma 5.3. Let F : M n+1 \ {0} — > M 6e a continuous function which is even and positive 
homogeneous of degree —n — 1. TTien /or any a £ W 1 and any t > i/iere holds 

[ F(y,a-y + t)dy = — [ [ F(uj,s)dsduj 
Jl" *t JS n - 1 J -00 



F(y,t)dy. (5.12) 

In particular, if F is some first-order partial derivative, say F = djG, j E {1, ..,n + 1}, of a 
function G S C 1 (W l+1 \ {0}) which is odd and homogeneous of degree —n, then 

\ F(y,a-y + t)dy = for any a £ W 1 and t > 0. (5.13) 

Proof. Fix a G IR n and t > 0. By the homogeneity of -F we have |-F(a;)| < ||i ? ||^oo(5n)|x| _n_1 
for every x G M n+1 \ {0}. Also, {(y, a • y + t) : \y\ < 1} is a compact subset of M n+1 \ {0}. 
Hence, given that F is continuous on M n+1 \ {0}, it follows that J Rn \F(y, a ■ y + t)\dy < 00. 

To proceed, by passing to polar coordinates y = rco, r > 0, to € S™^ 1 , and using the 
homogeneity of F we may write 

/ F(y,a-y + t)dy= / / F(u,a ■ to + t/r)r~ 2 dr du. (5.14) 
Ju n Js"- 1 Jo 

Now, setting s := a-uj + t/r the last integral above becomes t _1 J Sn _i J a °^ F(u, s) ds duo which, 
by making the change of variables (lj, s) \— > (— uj, —s) and using the fact that F is even, may 
be written as 

2 r poo j /• /■oo 

-/ / F(u,s)dsdw = — I / F{uj,s)dsdu. (5.15) 

This analysis gives the first equality in (j5.12|) . Furthermore, the integral in the right side of 
(|5.15p is independent of a £ 1" and, hence, so is the original one. In particular, its value does 
not change if we take a = and this is precisely what the second equality in (|5.12p says. 

Finally, consider the claim made in (|5.13p under the assumption that F = djG for some 
j G {1, ..,n + 1} and some G 6 C 1 (M" +1 \ {0}) which is odd and homogeneous of degree —n. 
In particular, there exists C £ (0, 00) such that |G(x)| < C|x| _n for all x £ \ {0}. Then, 
using the decay of G and integration by parts, if j 7^ n + 1 the third integral in (I5.12p vanishes 
whereas if j = n + 1 the second one does so. □ 
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After this preamble, we are ready to present the 

Proof of Theorem \5.1[ A moment's reflection shows that it suffices to establish (|5.4p with the 
domain of integration R n+1 \ £ in the left-hand side replaced by 

n := {(x,t) G W n+1 : t > A(x)}. (5.16) 

Assume that this is the case and note that by making the bi-Lipschitz change of variables 
M. n x (0,oo) B (x,t) 1— > (x,A(x) + 1) G f2, (whose Jacobian is equivalent to a finite constant) 
the estimate fj5.4j) follows from the boundedness of 

T j : L 2 (R n , dx) -> L 2 (Rl + \ fdx), (5.17) 
Tif(x,t) := / K>(x,y)f(y)dy (5.18) 



for j = 1, .., n + 1, where the family of kernels \K\ (x, y)}t>o is given by 

Kj(x,y) :=t(d j K)(x-y,A{x)-A(y) + t), x, y G R n , t > 0, j = 1, . . . , n + 1. (5.19) 

The approach we present utilizes ideas developed in [15] and [37] • Based on (|5.ip - (|5.2p it is 
not difficult to check that the family \K\ (x,y)}t>o is standard, i.e., there hold 

\K{(x,y)\ < Ct(t+\x-y\)-( n+ V (5.20) 

\V x K{(x,y)\ + \V y K{(x,y)\ < C t(t + \x - y\)^ n+2 K (5.21) 

As such, a particular version of Theorem 13.21 gives that the operators in (|5.17p are bounded as 
soon as we show that for each j = 1, . . . , n + 1, 

IT^I)^)! 2 f dx is a Carleson measure in (5.22) 

To this end, fix j G {1, . . . , n + 1} and select a real-valued, nonnegative function <f> G C^°(R n ), 
vanishing for |x| > 1, with J Rn </>(x) dx = 1 and, as usual, for every £ > 0, set 4>t(x) := t~ n 4>(x/t) 
for x G M n . We write (1) = (T^'(l) - + f j (l) where 

T*f{x,t):= j K S t (x,y)f(y)dy, x G M n , f > 0, (5.23) 

with 

K 3 t {x,y) :=t(d J K)(x-y,(V x (<p t *A)(x),x-y)+t), x,yeM n ,t>0. (5.24) 
To prove that \(T^ — T J )(l)(x, t)\ 2 dx^j is a Carleson measure, fix xq in M n , r > 0, and split 

CP - T')(l) = (P - r )(l B(x0)1 oor)) + " ^')(l R n\B(* o , 1 00r)) J (5-25) 

where, for any set 5, I5 stands for the characteristic function of S. Using (I5.20p and the fact 
that a similar estimate holds for K\ (x, y), we may write 



dt 



C / TT+i dz ) dxf = Cr n , (5.26) 

Jo JB(x ,r) VR«\B(0,99r) H™ ' 



|(P - Ti)(l Rn \ B(x(ul00r) )(x,t)\' dx f 

JB{x ,r) 

^ c f I (f 1 — W dy ) 2(ix * 

JO JB(x ,r) VR™\B(z ,100r) \ x ~ V\ ' 

rr r , r f N 2 

1 - ^ - dt 
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a bound which is of the right order. We are therefore left with proving an estimate similar to 
(|5.26p with W 1 \ B(xo, lOOr) replaced by B(xq, lOOr). More precisely, the goal is to show that 

|(P -Ti)(l B(xihWQr) )(x,t)\ 2 dxf < Cr n . (5.27) 

B(x ,r) 

For this task we make use of the Lemma 15.21 This requires an adjustment which we now 
explain. Concretely, fix a function $ G C°°(M) such that < $ < 1, supp<£ C [-150, 150r], 
$ = lon [-125r, 125r], and ||$'||l°°(r) < c/r. If we now set A(x) := $(\x-x \)(A(x) — A(xq)) 
for every x G M. n , it follows that 

A(x) - A(y) = A(x) - A(y) and V(& * A){x) = V(& * A)(x) 
whenever x G B(xQ,r), y G B(xq, lOOr), t G (0,r). 

Hence, the expression (T 3 —T 1 )(l B ^ X0!l00r ^)(x, t) does not change for x G B(xo, r) and t G (0, r) 
if we replace A by A. In addition, since || Vj4||^oo(k'i) iooQgn), taking into account 

the support of A we have 

||Vi|| L2(Rn) < Cr n ' 2 1| VA|| LO o (Rn) (5.29) 

for some C > independent of r. Hence, there is no loss of generality in assuming that the 
original Lipschitz function A has the additional property that 

||VA|| i2(R ») < Cr n ' 2 \\VA\\ La o m . (5.30) 

Under this assumption we now return to the task of proving (|5.27p . To get started, recall (|5.5p . 
We claim that there exists C = C(A, <p) > such that 

\K{(x,y) - K}(x,y)\ <Ct(t+\x- y\)-^\E A (t,x,y)\, Vx, y G R n , Vt > 0. (5.31) 



Indeed, by making use of the Mean- Value Theorem and (I5.2p . the claim will follow if we show 
that there exists C = C(A, <p) > with the property that 

sup [|£| + \x- y\]- {n+2) < C[t + \x- y\Y (n+2 \ (5.32) 
del 

where I denotes the interval with endpoints t + A(x) — A(y) and t + (S7 x (<ftt * A)(x), (x — y)). 
From the properties of A and 4> we see that £ = t + 0(|x — y|), with constants depending only 
on A and 4>. In particular, there exists some small e = e(A, (ft) > such that if \x — y\ < et then 
t < C|£| < C(\C\ + \x- y\). On the other hand, if \x — y\ > et then clearly t < C(|£| + |x - y|). 
Thus, there exists C > such that i < C(|£| + |x — y|) for £ G /, which implies that for some 
C = C(A, 0) > there holds t + \x — y\ < C(|£| + |x — y|) whenever £ G I, proving (I5.32p . 
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Next, making use of (|5.3ip . we may write 



dt 



JB(x ,r) 



< c 



\(Ti-Ti)(l B{x0il00r) )(x,t)\'dxj 



\L\\(l..r.y)\dij) dx^ 



< C 



+c 



n\J R n (t+\ X -y\) n + 2 

it-"- 1 [ \E A (t,x,y)\dy) 2 dx^ 

» V JB(x,t) J 1 



oo 



F -y 



n+2 



\E A (t,x,y)\dy) dx 



2 , dt 



t 



< C T I (fX^t)-"" 1 / |£ A (^,y)|dy) 2 dx^. (5.33) 



Now, we apply Minkowski's inequality in order to obtain 



oo 
£=0 



2^(2^) 



-n— 1 



/" \ 2 dt 

I \E A (t,x,y)\dyj dx — 



( 



< 



OO 



B(x,2 e +H) 



2- 2e (2 e t)~ 2n - 2 



2 dt 

\E A (t,x,y)\dy) dx — 



1/2 



(5.34) 



B(x,2 e + 1 t) 

By the Cauchy-Schwarz inequality, the last expression above is dominated by 
/ 



4) 



t 



-n-2 



\E A {t,x,y)\ 2 dydx^- 



1/2 



(5.35) 



B(x,2«+!t) 



Invoking now Lemma [5J2] with A := 2 m > 1 for £ £ NU{0}, each inner triple integral in (|5.35p 
is dominated by (72^ n+3 ) || VA^n^n) with C > finite constant independent of Thus, the 



entire expression in (J5J35J) is 



<C ^[2^- 4 ).2^+ 3 )||V^||i 2(Rri) 



1/2 



CIlV^llLZCRn) < Cr r 



(5.36) 



where for the last inequality in (15. 36ft we have used (|5.30p . This finishes the proof of (|5.27p . 
In turn, when (|5.27p is combined with (|5.26p . we obtain 



|(T J — T J )(l)(x, t)\ 2 ^fdx is a Carleson measure in 



pra+1 



(5.37) 



At this stage, there remains to observe that, thanks to Lemma 15.31 we have 
f j (l)(x,t) = [ t(d j K)(x-y,(V x (4> t *A){x),{x-y)) + t)dy = Vx e R n , Vt > 0. (5.38) 



The proof of Theorem 15.11 is now completed. 



□ 
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5.2 Square function estimates on (BP) fc LG sets 

We continue to work in the context of IR n+1 introduced at the beginning of Section [SJ and 
abbreviate the ra-dimensional Hausdorff outer measure from Definition 12.31 as T~L n := Wl n+1 . 
We prove that square function estimates are stable under the so-called big pieces functor. 
Square function estimates on uniformly rectifiable sets then follow as a simple corollary. Let 
us begin by reviewing the concept of uniform rectifiability. In particular, following G. David 
and S. Semmes [25], we make the following definition. 

Definition 5.4. A closed set £ C R n+1 is called uniformly rectifiable provided it is n- 
dimensional Ahlfors-David regular and the following property holds. There exist e, M E (0, oo) 
(called the UR constants ofY^) such that for each igS and r > 0, there is a Lipschitz map 
ip : B™ —7- R n+1 (where B™ is a ball of radius r in M 71 ) with Lipschitz constant at most equal to 
M , such that 



IfY,is compact, then this is only required for r E (0,diam (£)]. 

There are a variety of equivalent characterizations of uniform rectifiability (cf., e.g., [26^ 
Theorem 1.1.5.7, p. 22]); the version above is often specified by saying that X has Big Pieces 
of Lipschitz Images (or, simply BPLI). Another version, in which Lipschitz maps are re- 
placed with Bi-Lipschitz maps, is specified by saying that S has Big Pieces of Bi-Lipschitz 
Images (or, simply BPBI). The equivalence between BPLI and BPBI can be found in |26} p. 22]. 
We also require the following notion of sets having big pieces of Lipschitz graphs. 

Definition 5.5. A set S C M n+1 is said to have Big Pieces of Lipschitz Graphs (or, 
simply BPLG J provided it is n-dimensional Ahlfors-David regular and the following property 
holds. There exist e, M E (0, oo) (called the BPLG constants o/Sj such that for each x E £ 
and r > 0, there is an n-dimensional Lipschitz graph T C ]R n+1 with Lipschitz constant at most 
equal to M, such that 



IfTiis compact, then this is only required for r £ (0,diam (£)]. 

We also write (BP) 1 LG to mean BPLG. For each k > 1, a set S C M n+1 is said to have 
Big Pieces of (BP) fc LG (or, simply (BP) fe+1 LGj provided it is n-dimensional Ahlfors-David 
regular and the following property holds. There exist 5, e, M S (0, oo) (called the (BP) fc+1 LG 
constants ofE) such that for each x £ £ and r > 0, there is a set Q C R n+1 that has (BP) fc LG 
with ADR constant at most equal to M , and (BP) fc LG constants e, M, such that 



IfTiis compact, then this is only required for r £ (0,diam (£)]. 

We now combine the inductive scheme from Section [J] with the square function estimates 
for Lipschitz graphs from Subsection 15.11 to prove that square function estimates are stable 
under the so-called big pieces functor. 



H n (S n B(x, r) n if(B?)) > er n . 



(5.39) 



r(En%r)nr) > er n . 



(5.40) 




(5.41) 
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Theorem 5.6. Let k G N and suppose that E C R n+1 has (BP) k LG. Let K be a real-valued 
kernel satisfying (|5.ip . and let T denote the integral operator associated with E as in (|5.3p . 
T/ien i/iere exists a constant C G (0, oo) depending only on n, the (BP) k LG constants ofT,, 
and \\d a K\\ L o C ( S n') for \a\ < 2, such that 

[ |V77(x)| 2 dist(x,E)dx < C [ \f\ 2 da, V/gL 2 (E,ct), (5.42) 

JE™+ 1 \E is 

where a := ^f n \T 1 is the measure induced by the n- dimensional Hausdorff measure on E. 

Proof. The proof proceeds by induction on N. For the case k = 1, suppose that E C M n+1 
has BPLG with BPLG constants £0) Co £ (0, oo). For each x G E and r > 0, there is an 
n-dimensional Lipschitz graph T C ]R n+1 with Lipschitz constant at most equal to Co, such 
that 

U n (ZnB(x,r)r\T)>e r n . (5.43) 

It follows from Theorem 15.11 that E has BPSFE with BPSFE character (cf. Definition 14. ip 
depending only on the BPLG constants of E, and ||<9 a -ftT IIl^s 1 ") for \a\ < 2. It then follows 
from Theorem 14.31 that (|5.42p holds for some C G (0, oo) depending only on n, the BPLG 
constants of E, and ||9 a if f° r \ a \ ^ 2. 

Now let j G N and assume that the statement of the theorem holds in the case k = j. 
Suppose that S C W n+1 has (BP)^' +1 LG with (BP)^' +1 LG constants e u e 2 , C x G (0,oo). For 
each x G E and r > 0, there is a set Q, C R n+1 that has (BP) J LG with ADR constant at most 
equal to C\, and (BP) J LG constants £i, C\, such that 

r(Sn5(i,r)nO) > e 2 r n . (5.44) 

It follows by the inductive assumption that E has BPSFE with BPSFE character depending 
only on the constants specified in the theorem in the case k = j. Applying again Theorem 14.31 
we obtain that (I5.42p holds for some C G (0, oo) depending only on n, the (BP) J+1 LG constants 
of E, and \\d a K\\ 

L°°(s n ) f° r \ a \ ^ 2. This completes the proof. □ 

The recent result by J. Azzam and R. Schul (cf. [HI Corollary 1.7]) that uniformly rectifiable 
sets have (BP) 2 LG allows us to obtain the following as an immediate corollary of Theorem 15.61 



Corollary 5.7. Suppose that E C M n+1 is a uniformly rectifiable set. Let K be a real-valued 
kernel satisfying (|5.1j) . and let T denote the integral operator associated with E as in (15. 3p . 
Then there exists a constant C G (0,oo) ; depending only on n, the UR constants of E ; and 
\\d a K \\L°°{s n ) f or \ a \ — 2; such that 

[ |VT/(x)| 2 dist(x,E)dx < C [ \f\ 2 da, V/gL 2 (E,cj), (5.45) 

where a := J^f n ['E is the measure induced by the n-dimensional Hausdorff measure on E. 

Proof. The set E has (BP) 2 LG by J. Azzam and R. Schul's characterization of uniformly 
rectifiable sets in [U Corollary 1.7], so the result follows at once from Theorem 15.61 □ 
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5.3 Square function estimates for integral operators with variable kernels 

The square function estimates from Theorem 15.61 and Corollary 15.71 have been formulated for 
convolution type integral operators and our goal in this subsection is to prove some versions of 
these results which apply to integral operators with variable coefficient kernels. A first result 
in this regard reads as follows. 

Theorem 5.8. Let k € N and suppose that E C R n+1 is compact and has (BP) k LG. Then 
there exists a positive integer M = M{n) with the following significance. Assume that U is a 
bounded, open neighborhood of E in M n+1 and consider a function 

U x (R n+1 \ {0}) 3 {x, z) t-> b(x, z)eM (5.46) 

which is odd and (positively) homogeneous of degree —n in the variable z S R n+1 \ {0}, and 
which has the property that 

,z) is continuous and bounded onlA x S n for \a\ < M and \/3\ < 1. (5-47) 

Finally, define the variable kernel integral operator 

Bf(x):= J b(x,x-y)f(y)Mv), a; € W \ E, (5.48) 

where a := ^f 71 ]^ is the measure induced by the n-dimensional Hausdorff measure on E. 

Then there exists a constant C £ (0, oo) depending only on n, the (BP) k LG constants of 
E, the diameter oflA, and \\dx 5"&||l°°(Wx5™) f or \ a \ < 2, \(3\ < 1, such that 

[ |VB/(x)| 2 dist(x,S)dx < C [ \f\ 2 da, V/gL 2 (E,ct). (5.49) 

JU\T, JS 

In particular, (|5.49p holds whenever E is uniformly rectifiable (while retaining the other 
background assumptions). 

In preparation for presenting the proof of Theorem 15.81 we state two lemmas, of geometric 
character, from |61j. 



Lemma 5.9. Let p) be a geometrically doubling quasi-metric space and let E C be 
a set with the property that (E,p| E ,'Hj^- J^) becomes a d-dimensional ADR space, for some 
d > 0. Assume that fi is a Borel measure on satisfying 

I-l(B, )u , (x, r)) 

sup ^ P *l )] < +oo, (5.50) 

for some m > 0. Also, fix a constant c > and select two real numbers N, a such that 
a < m — d and N < m — max {a, 0} . 

Then there exists a constant C £ (0,oo) depending on the supremum in (15.50!) . ^ e 9 e ~ 
ometric doubling constant of the ADR constant of E ; as well as N, a, and c, such 

that 

dist rtJ , (y, E) _a 

y"'' dn(y) < Cr m ~^ N , 

P#{x,y) N 

B p# (x,r)\Y. (5.51) 

Vr>0, VxeJT with dist p# (x,E) < cr. 
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Lemma 5.10. Let ,p) be a quasi-metric space. Suppose E C j£" is nonempty and a is a 
measure on E such that (E, p\ E , a) becomes a d- dimensional ADR space, for some d > 0. Fix 
a real number < N < d. Then there exists C G (0, oo) depending only on N , p, and the ADR 
constant of E such that 

[ — . 1 . „ da(y) < Cr d ~ N , ViGf", Vr > dist p „ (x,E). (5.52) 
J p # (x,y) N * 

EnB p# (x,r) 

We are now ready to discuss the 
Proof of Theorem \5.8[ Set 

H :=l, H x :=n + l, and H e := ( n \ l \ - ( n \ l _ ~ 2 ) if £ > 2, (5.53) 

and, for each £ G No, let it] i <i<H be an orthonormal basis for the space of spherical 
harmonics of degree £ on the n-dimensional sphere S n . In particular, 

H £ < (£ + 1) • (I + 2) • • • (n + £ - 1) ■ (n + 1) < C n t for £ > 2 (5.54) 

and, if denotes the Laplace-Beltrami operator on S n , then for each £ G No and 1 < i < Hi, 

A S n* i£ = -£(n + £-l)y ie on 5 n , and *tf(rr) = (5-55) 

for some homogeneous harmonic polynomial Pj^ of degree £ in M ra+1 . Also, 

i<i<H ^ s an or thonormal basis for L 2 (S n ), (5.56) 

hence, 

II^IIl 2 (5») = 1 fo r each - ^ G N and 1 < i < H e . (5.57) 

More details on these matters may be found in, e.g., [72l pp. 137-152] and [Til pp. 68-75]. 

Assume next that an even integer d > (n/2) + 2 has been fixed. Sobolev's embedding 
theorem then gives that for each £ G No and 1 < i < Hp (with / standing for the identity on 
S n ) 

\\*u\\cns») < C n \\{I - A 5 n) d / 2 ^|| L2(5n) < C n £ d , (5.58) 

where the last inequality is a consequence of (|5.55p - (|5.57p . 
Fix £ G Nq and 1 < i < Hi arbitrary. If we now define 



an(x) := / b(x , uj)^ h{oj) duj , for each x£U, (5.59) 
J S" 

it follows from the last formula in ()5.55|) and the assumptions on b(x, z) that 

an is identically zero whenever £ is even. (5.60) 
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Also, for each number N G N with 2iV < M and each multiindex ft of length < 1 we have 



sup 



-e(n + £-l)] N (d^a ie )(x)\ 



sup 



S" 



(^6)(x,w)(A^*tf)(w)d W 



sup 



(^A&6)(x, W )tt tf (w)cL; 

< su P\\( d i A S^ b )( x r)\\ L 2 (S n) 
xeu y ' 

< C n sup \(dgd5b)(x,z)\=:C b , (5.61) 

(i,z)6«xS™ 

\a\<M 

where C b is a finite constant. Hence, for each number N G N with 2iV < M there exists a 
constant C ra at such that 



sup 

x€U,\/3\<l 



{dPau){x)\ <C n , N C b t 



-27V 



G N , 1 < * < H e . 



(5.62) 



For each fixed x £U, expand the function b(x, •) G L 2 (S n ) with respect to the orthonormal 
basis }^ g ii} \<i<H e 1X1 or der to obtain that (in the sense of L 2 (S n ) in the variable z/\z\ G 5 n ) 



Hi 



b(x, z) 



b(x, —) \ z \- n =J2J2 a* (^(o ) M~ n 



fe2N+l 8=1 



(5.63) 



where the last equality is a consequence of (|5.60|) . For each £ G 2N + 1 let us now set 

ku(z) :=^(^)|z|- n , zGM n+1 \{0}, (5.64) 



so that, if d is as in (|5.58[) . then for each \a\ < 2 we have 

\\d a kig.\\L°°{S n ) < Cn ||c 2 (5™) < C n ^ d . 

Also, given any / G L 2 (X,er), set 



x - y)f(y)da(y), xeW\E, 



and note that for any compact subset O oi U \ T, and any multiindex a with |q| < 1, 

sup|(c> a ^/)(x)| <C{n,0,H)l d , 



(5.65) 



(5.66) 



(5.67) 



by (|5.65p . On the other hand, if iV > [d + l)/2 (a condition which we shall assume from now 
on) then (|5.58j) and (|5.62|) imply that the last series in (|5.63|) converges to b(x, z) uniformly for 
x G U and z in compact subsets of W l+l \ {0}. As such, it follows from (|5.64p and (|5.66p that 



Hp 



Bf(x)= ^^ a it( x )Bitf( x ), uniformly on compact subsets of tl \ E. (5.68) 

fe2N+l i=l 
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Using this, (|5.67j) and (|5.62j) . the term-by-term differentiation theorem for series of functions 
may be invoked in order to obtain that 

Hi Hi 

(VBf)(x)= ]T J^a ie (x)(VB ie f)(x)+ Yl J^iVa^ix^efix), 

££2N+1 i=l ^e2N+l i=l 

uniformly for x in compact subsets of U \ E. (5.69) 

Moving on, observe that for each £ £ 2N + 1 and 1 < i < H^, Theorem 15.61 gives 

[ \VB ie f(x)\ 2 dist(x,Z)dx < C ie I \f\ 2 da, V/Gl 2 (S,<r), (5.70) 
Ju\s Jt. 

where, with C S (0,oo) depending only on the dimension n and the (BP) fc LG constants of S. 

C ie = Cmax ll^fctflUco^) < C£ d , (5.71) 

\a\<2 

thanks to ([538]) ■ Thus, if 

M £ N is odd and satisfies M > d + 1, (5.72) 
one may choose iV £ H such that d + 1 < 2iV < M. Such a choice ensures that for every 



S XX/ Mz)| 2 |VZW(z)| 2 distOr,£)(ix 

!2N+1 i=l 

<C n , N C b ^2 fl r2N {[ |V^/(x)| 2 dist(x,S)dx 

fe2N+l i=l ^ W \ E 

<Cn,^( £ Y,r™cH 2 )(f \f\ 2 do 

£e2N+l i=l ^ S 
te2N+l i=l ^ S 



1/2 



,2 - N 1 / 2 



1/2 



= C[JJf\ z da) , (5.73) 

by (1532]) . (ISTTTD . and our choice of iV. 

To proceed, let £ £ N and 1 < i < Hg be arbitrary. Also, fix an arbitrary / G L 2 (E,cr). 
Then 



1/2 



0\Vau\ 2 \Buf(x)\ 2 dist(x, E) ofe 

< C n .7var 27V ( / |dist(x,S) 1 / 2 i3 i ,/(x)| 2 dx 



C n , N C b £- 2N U \T ie f(x)\ 2 d x y /2 (5.74) 
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where 

Tn :L 2 {^a) -^L 2 {U\H) (5.75) 
is the integral operator whose integral kernel is given by 

K ie (x,y) :=dist(x,^ 2 k te (x-y), x G U \ £, y G E. (5.76) 

Note that 

dist(x,S) 1 /2 



[\r, , \\ i / \ „t /" dist(x,S j 1 ^ 
sup / Aj£(x,y) dcr(y) < | Wrt||ws«) SU P / — i iZ — d(J \y) 

^ C£d su p / i \rrj2 d <y) 



ew\sJs F - y| 
< C£ d dmm(U) 1/2 , (5.77) 

by (|5.58f) and Lemma EE! and that 

dist(x,S) 1 / 2 



sup/ |K^(x,y)|(ix < ||*«|| L ao (s .n) sup / 
3/esJw\s j/esMs F — y| 

n3/2 



fix 



< Crdiam^)^ 2 , (5.78) 

by (|5.58p and Lemma 15.91 From (|5.77p - (|5.78p and Schur's Lemma we then deduce that the 
operator Tu is bounded in the context of (|5.75p . with norm 

INUs^LW) ^ ^ diam (^)- (5-79) 
Combining (|5.79p and (I5.74|) we therefore arrive at the conclusion that, for each / G L 2 (£, cr), 

(/ |Va i ,| 2 |^/(x)| 2 dist(x,S) C Zx) <C{U)l d U \f\ 2 do) , (5.80) 
whenever £ G N and 1 < i < Hi. As a result, there exists C G (0, oo) such that 

TJ 

E E(/ |Va l ,| 2 |^/(x)| 2 dist(x,S)cix) <C(/ |/| 2 da) , (5.81) 
for every / G L 2 (E,<r). 

Fix now an arbitrary compact subset O of \ £. Then (|5.69p . (|5.73p and (|5.8ip allow us 
to estimate 

(J |V^/(x)| 2 dist(x,S)c/x) 1/2 < C^J \f\ 2 day /2 , (5.82) 

where the constant C is independent of O and / G L 2 (E, a). Upon letting O /• U\T, in (I5.82p . 
Lebesgue's Monotone Convergence Theorem then yields (|5.49p . Finally, the last claim in the 
statement of Theorem 15.81 is justified in a similar manner, based on Corollary 15.71 □ 
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It is also useful to treat the following variant of ([5.480 : 

Bf(x) := / b(y, x - y)f(y) da(y), x G U \ S. (5.83) 



E 



The same sort of analysis works, with x replaced by y in the spherical harmonic expansion 
(|5.63p (in fact, the argument is simpler since the a^'s act this time as multipliers in the y 
variable). Specifically, we have the following. 

Theorem 5.11. In the setting of Theorem \ 5.8\ with B given by (|5.83|) where, this time, in 
place of (|5.47p one assumes 

d"b(x,z) is continuous and bounded onU x S n for \a\ < M, (5.84) 

there holds 

[ \VBf(x)\ 2 dist{x,J:)dx < C [ \f\ 2 da, V/eL 2 (S,a). (5.85) 

In turn, Theorem 15.81 and Theorem 1 5 . 1 1 1 apply to the Schwartz kernels of certain pseudod- 
ifferential operators. Recall that a pseudodifferential operator Q(x,D) with symbol q(x,^) in 
Hormander's class <S™ is given by the oscillatory integral 

Q(x,D)u = (2ir)-( n+1 V 2 J q(x,0u(0e i{x '° d£ 

= (2vr)-( n+1 ) J j ' q{x,e)e i{x - y ^ ) u{y)dydi. (5.86) 

Here, we are concerned with a smaller class of symbols, S™, defined by requiring that the 
(matrix-valued) function q(x,!;) has an asymptotic expansion of the form 

q(x,£) ~ q m {x,C) + q m -i(x,£) H , (5.87) 

with qj smooth in x and £ and homogeneous of degree j in £ (for |£| > 1). Call q m (x,^), i.e. 
the leading term in ([5.870 . the principal symbol of q{x,D). In fact, we shall find it convenient 
to work with classes of symbols which only exhibit a limited amount of regularity in the spatial 
variable (while still C°° in the Fourier variable). Specifically, for each r > we define 

C r S^ := {q(X,0 : \\Df q (;0\\ C r < C„(l + |£|) m - |a| , V«}. (5.88) 

Denote by OPC r S'fo the class of pseudodifferential operators associated with such symbols. As 
before, we write OPC r S™ for the subclass of classical pseudodifferential operators in OPC r 5^ 

whose symbols can be expanded as in ([5.870 . where qj(x,^) £ C r S™ 3 is homogeneous of degree 

j in £ for |£| > 1, j = m, m — 1, Finally, we set 0PC r S^ for the space of all formal adjoints 

of operators in OPC r S"f. 

Given a classical pseudodifferential operator Q(x,D) £ OPCFS^ , we denote by kg(x,y) 
and Symg(a;, £) its Schwartz kernel and its principal symbol, respectively. Next, if the sets 
ECMC M n+1 are as in Theorem 15. 8[ we can introduce the integral operator 



B Q f(x):= J k Q (x,y)f(y)da(y), (5.89) 
In this context, Theorem 15.81 and Theorem 15.111 yield the following result. 
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Theorem 5.12. Let £ C M n+1 be compact and uniformly rectifiable, and assume that U is a 
bounded, open neighborhood of £ in ~R n+1 . Let Q(x,D) G OPC 1 ^ 1 be such that Symg(:E,£) 
is odd in £. Then the operator (|5.89p satisfies 

[ \S7B Q f(x)\ 2 dist(x,Z)dx < C [ \f\ 2 da, V/eL 2 (S, ff ). (5.90) 

Moreover, a similar result is valid for a pseudodifferential operator Q(x,D) G 0PC°S~ l 1 . 

In fact, since the main claims in Theorem 15.121 are local in nature and given the invariance 
of the class of domains and pseudodifferential operators (along with their Schwartz kernels and 
principal symbols) under smooth diffeomorphisms, these results can be naturally extended 
to the setting of domains on manifolds and pseudodifferential operators acting between vec- 
tor bundles. Formulated as such, these in turn extend results proved in |63| for Lipschitz 
sub domains of Riemannian manifolds. 

6 L p Square Function Estimates 

We have so far only considered L 2 square function estimates. We now consider LP versions for 
p G (0, oo]. The natural setting for the consideration of these estimates is in term of mixed norm 
spaces L^ p ' q \X , E), originally introduced in [59] (cf. also [9] for related matters). We begin 
by using the tools developed in Section [2] to analyze these spaces in the context of an ambient 
quasi- metric space X and a closed subset E. In the case X = M n+1 and E = <9R™ +1 ~ W 1 , 
the mixed norm spaces correspond to the tent spaces introduced by R. Coifman, Y. Meyer 
and E.M. Stein in |16j . The preliminary analysis in Subsections 16.11 and 16.21 is based on the 
techniques developed in that paper, although we need to overcome a variety of geometric 
obstructions that arise outside of the Euclidean setting. We build on this in Subsection 16. 3[ 
where we prove that L 2 square function estimates associated with integral operators Qe, 
as defined in Section [3j follow from weak LP square function estimates for any p G (0, oo). 
This is achieved by combining the T(l) theorem from Subsection 13.11 with a weak type John- 
Nirenberg lemma for Carleson measures, the Euclidean version of which appears in [4j. The 
theory culminates in Subsection 16.41 where we prove two extrapolation theorems for estimates 
associated with integral operators Qe, as defined in Section [3j In particular, we prove that a 
weak L q square function estimate for any q G (0, oo) implies that square functions are bounded 
from H p into L p for all p G (^r, oo), where H p is a Hardy space, d is the the dimension of E, 
and 7 is a finite positive constant depending on the ambient space X and the operator Qe- 

6.1 Mixed norm spaces 

We begin by considering the mixed norm spaces L^ p ' q ^ from [59] (cf. also [9]) and then, following 
the theory of tent spaces in [16] , record some extensive preliminaries that are used throughout 
Section [6j In particular, Theorem 16.81 contains an equivalence for the quasi- norms of the mixed 
norm spaces that is essential in the next subsection. 

Let (X, p) be a quasi-metric space, E a nonempty subset of SP, and \x a Borel measure on 
(JT,Tp). Recall the regularized version p# of the quasi-distance p discussed in Theorem 12. 2 \ 
and recall that we employ the notation 5e{u) = dist p# (y,E') for each y G X . Next, let k > 
be arbitrary, fixed, and consider the nontangential approach regions 

T K (x):={y£X\E: p # (x,y)<(l + K)5 E (y)}, Vx £ £. (6.1) 
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Occasionally, we shall refer to k as the aperture of the nontangential approach region T K (x). 
Since both /»#(-, •) and <5e(-) are continuous (cf. Theorem I2.2p it follows that T K (x) is an open 
subset of (j2f,Tp), for each Furthermore, it may be readily verified that 

x\e = (J r«(x), voo, (6.2) 

where E denotes the closure of E in the topology t p . 

Lemma 6.1. Let (X,p) 5e a quasi-metric space, E a proper, nonempty, closed subset of 
(X,t„), and fi a Borel measure on (X,t p ). Let u : X \E — >• [0, 00] be a p-measurable 
function, fix k > and recall the regions from (|6,ip . T/ien i/ie function 

F : E — >[0,oo], F(x) := / u(y)dfi(y), VxGfi, (6.3) 
is lower semi- continuous (relative to the topology induced by r p on E). 

Proof. Let xq G E be arbitrary, fixed, and consider a sequence {xj}j e jsj of points in E with the 
property that 

lim p # (xj,x ) = 0. (6.4) 

We claim that 

liminf l r j x a(x) > l r r x VxGJT\E. (6.5) 

j— »oo J 

Clearly ([6.5p is true if x r re (»o)- If lr K (x )( x ) = 1> then x G T k (xq), thus by definition 
P#(x,xq) < (1 + k)Se(x). Based on the continuity of p#(x,-) and (|6.4f) . it follows that there 
exists j'o G N such that p#(x,Xj) < (1 + k)5e(x) for j > jo. Hence, x G T K (xj) for j > jo or, 
equivalently, lp^^.^x) = 1 for j > jo. This completes the proof of the claim. 
Returning to the actual task at hand, Fatou's lemma and (|6.5p then imply 



liminf F(xj) = liminf / lp i x .\udp, > / liminf (lp (s-w ^A* 
= / (]xmMl T r x ))ud/j,> l r r xo) udn 

J X\E J X\E 

= F(x ). (6.6) 

This shows that F is lower semi-continuous. □ 

We retain the context of Lemma 16. 11 For each index q G (0, 00) and constant K G (0, 00), 
define the L 9 -based Lusin operator, or area operator, srfq K for all /i-measurable functions 

u : X \ E -»• I := [-00, +00] by 

(*/ q , K u)(x) := ( f |n(y)|^/x(y))', Vi £ £. (6.7) 

Vr K (:r) ' 

As a consequence of Lemma l6.1[ we have that £^q )K u is lower semi-continuous, hence 

{2 G E : (=2^ )/t u) (x) > A} is an open subset of (E, r p ) for each A > 0. (6-8) 
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To proceed, fix a Borel measure a on (E, T p \ E ). The above considerations then allow us to 
conclude that 

for any u-measurable function u : X \ E — > M, 

P X (6.9) 

the mapping £/q tK u : E — >■ [0, oo] is well-defined and cr-measurable. 

Consequently, given k > and a pair of integrability indices p, q, following [59] and [9] we 
may now introduce the mixed norm space of type (p,q), denoted L^ p ' q \,!%~ , E, fi, a; k), or 
L^ p,q \3t , E) for short, in a meaningful manner as follows. If q G (0, oo) and p G (0, oo] we set 

L^\SC ,E,n,a\K) := ju : &\E->W: u //-measurable and srfq iR u G L P (E, cr)\, (6.10) 

equipped with the quasi-norm 

Up If ^ M^djU 

l M lli(P.9)( < r,£;,/i, ( T;K) := \Wq,K u \\LP{E,o) 



cr-ess sup (s/q tK u) (x) if p = oo. 



Also, corresponding to p G (0, oo) and q = oo, we set 

lIp<°°\&-,E,h,(t;k) := <ju : \E^R: ||AA K n|| L p (£j(T) < oo}, (6.12) 
where JV K is the nontangential maximal operator defined by 

(J\f K u)(x) := sup \u(y)\, Vx G E, (6.13) 

and equip this space with the quasi-norm IMI^tp.oo)^ E ^ >a - K ) '■= \\^k,u\\lp(e,u)- Finally, corre- 
sponding to p = q = oo, set 

L^°°\^,E,n,a;K) := L°°( % \ E, fj). (6.14) 

We note that the connection of our mixed norm spaces with the Coifman- Meyer-Stein tent 
spaces Tq in R™ +1 is as follows 

T P = L^(R n+ \dRl + \l K+ i^,dx), for p,ge(0,oo). (6.15) 

Thus, results for mixed normed spaces imply results for classical tent spaces. 

The next goal is to clarify to what extent the quasi-norm || • \\l(p>9)(^ E,ii,a;K) depends on 
the parameter k > associated with the nontangential approach regions defined in (|6.1D 
and utilized in ()6.11[) . (|6. 13p . This is done in Theorem 16.81 below, but the proof requires a 
number of preliminary results and definitions which we now present. 

To set the stage, for each A C E and k > 0, define the fan (or saw-tooth) region J- K {A) 
above A, and the tent region T K (A) above A, as 

F K {A) ■= IJ r «( x ) and T ^ A ) := (^\ E )\ fa E \ A )) ■ ( 6 - 16 ) 

Also, for each point y G SC \ E, define the "(reverse) conical projection" of y onto E by 

rf:={xeE:y€r K (x)}. (6.17) 
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Lemma 6.2. Let (&,p) be a quasi-metric space, E a proper, nonempty, closed subset of 
(3&,T p ). For every ACE, denote by A and A° , respectively, the closure and interior of A in 
the topological space (E,T p \ E ). Then for each fixed k G (0, oo) the following properties hold. 

(i) For each ACE one has T K (A) = F K (A) and %(A°) = %{A). 

(ii) For each ACE one has T~k{A) C T^A). 

(Hi) For each nonempty proper subset A of E one has 

T K {A) = {x £ %\E : dist p# (x,A) < (1 + /t) _1 dist p# (x, E\A)], (6.18) 
T K (A) = {ye 5C\E: tt£ C A}. (6.19) 

Moreover, for each nonempty subset A of E one has 

F K {A) = {V e 3C\E: dist p# (y,A) < (l + K )S E (y)}. (6.20) 

(iv) One has T K {E) = T K {E) = 2£ \ E. Also, for any family (Aj)j^j of subsets of E, 

|J T K {Aj) = F K (UjejAj), f] T K (Aj) = T K {n jeJ Aj), (6.21) 
jeJ jeJ 

and 

A 1 CA 2 CE F K (Ai) C F K (A 2 ) and %{A X ) C T R {A 2 ). (6.22) 

(v) Given A C E, it follows that T K {A) is an open subset of (JT,t p ), while Tk(A) is a 
relatively closed subset of 36 ' \ E equipped with the topology induced by t p on this set. 

(vi) For each y C S£ \ E it follows that tt^ is a relatively open set in the topology induced by 
T p on E. 

(vii) One has 

B p# (x,C; l r)\ECT K {EnB p# (x,r)), VrG(0,oc), V x G E. (6.23) 

(viii) Assume that (E, p\ E ) is geometrically doubling. Then for every k > there exists a 
constant C Q G (0, oo) with the property that if O is a nonempty, open, proper subset of 
(E,r p \ E ) and if {Ajjjgj, where Xj G E and Aj := E D B p (xj,rj) for each j £ J, is a 
Whitney decomposition of O as in Proposition ^. b\ then 

T K {0) C {jB p { Xj ,C orj ). (6.24) 

In particular, there exists C G (0, oo) with the property that 

T K (E fl Bp(x,r)) C B p (x,Cr)\E whenever 

(6.25) 

x G E and r > are such that E \ B p (x, r) ^ 0. 
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(ix) In the case when E is bounded, there exists C G (0, oo) with the property that 

X \B p# (x ,Cdiam p (E)) C r«(x), Vx ,x€E. (6.26) 

Consequently, whenever E is bounded there exists C G (0, oo) such that for each xq G E 
one has 

T K (A) C Bp # (x ,Cdiam p (E)), VA proper subset of E. (6.27) 

Proof. With the exception of the first part of (viii), these are direct consequences of definitions 
and the fact that both p#(-, •) and Se(-) are continuous functions. The remaining portion of 
the proof consists of a verification of (|6.24j) . To get started, let x be an arbitrary point in 
T K {0). This places x in X \ E which, given that E is closed in (JT,T p ), means that x does 
not belong to O C E. In particular, dist p# (x, O) > 0. Going further, assume that some small 
e > has been fixed. The above discussion then shows that it is possible to pick a point y G O 
with the property that 

p#(x,y) < (l + £)dist p# (x,0). (6.28) 

Then there exists an index j G J for which y G Aj and we shall show that e and C Q can be 
chosen so as to guarantee that 

xeB p {x h C rj). (6.29) 
Indeed, selecting a real number j3 G (0, (log 2 C p )~ l \ and invoking (|6.18p we may write 

[p#(x,y)f < (l + £ ^[dist p# (x,0)]^< (l±£) /3 [dist p# (x,i?\0)]' 3 
' " ^dist (p#)/3 (x,i?\0) 



1 + « 

1 + e\/ 3 



1 + « 



[^(x.i/^ + dist^Ci/.SXO) 



< 

< (l^)\[p # ^y)f + Cr^, (6.30) 

where C G (0, oo) depends only on the geometrically doubling character of E. The last step 
above uses Theorem 12. 21 and the fact that y belongs to Aj = B p (xj,rj)DE, which is a Whitney 
ball for O. Choosing e = k/2, this now yields (on account of the first inequality in (|2. 14|) ) 



p(x,y) < C 2 pP# (x,y) < C 2 p C x lH- 1+k/2 /(t ) rj =: C K ^r r 



(6.31) 



Hence, since p(xj,x) < C p max{p(xj,y), p(y,x)} < C p C Kt prj, the membership in (I6,29j) holds 
provided we take C Q := C p C Kt p to begin with. This finishes the proof of ()6.24p . □ 

Lemma 6.3. Let (&,p) be a quasi-metric space, E a proper, nonempty, closed subset of 
( JT, t p ), p a Borel measure on (3£ , r p ) and a a Borel measure on (E, T p \ E ). Let p# be associated 
with p as in Theorem \2.2\ and recall the constant C p > 1 defined in (|2.2p . Then for each real 
number n > there holds 

EnB p# (y*,e5 E (y)) Cn«CEnB p# (y*,C p (l + K)5 E (y)), VyGJT\^, (6.32) 
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where the point and the number e satisfy 

y* G E and p#(y, y*) < (1 + ??)<5e(2/) /or some n G (0, «), and 

( 6 - 33 ) 

< e < [(1 + k)/ 3 - (1 + rj)P] /P for some finite (3 G (0, (log 2 CpY 1 ] . 

In particular, if (E, p\ E ,o~) is a space of homogeneous type and ifn,K ! > are two arbitrary 
real numbers, then 

c- l o-{^ y )<a(^)<c a(^ y ), Vye&\E, (6.34) 

where c a := C a (Cp/e) D " (l+min{/€, k'}) d,t , with C a and D a the doubling constant and doubling 
order of a. 

Proof. Fix an arbitrary point y G X \E and let y* £ E and e > be as in ()6.33p . If 
x £ E n B p# (y*,e5 E (y)) then /5#(y*,x) < e5E(y) forcing (recall from Theorem 12.21 that (p#)^ 
is a genuine distance) 

P #(x,yf < p#(x,y*f + P #(y*,yf < <P&e{v? + (i + vfs E (yf < (i + ^s E ( y f. (6.35) 

Thus x G 7r^, which proves the first inclusion in (|6.32p . Going further, given a point x G ir* it 
follows that p#(x,y) < (1 + n)5 E (y), hence 

p#(x,y*) < C p# max{p # (x,y),p # (y,y*)} < C p# (l + K)6 E (y) < C p (l + K)S E (y), (6.36) 

proving the second inclusion in (j6.32[) . 

Suppose now that (-E 1 , p| E ,<r) is a space of homogeneous type and let k,k' > be given. 
Assume first that k < k' . Choose and e as in (16. 33ft . Then (|6.32jl holds both as written and 
with k replaced by k! . When combined with (|2.37p . this yields 

c^o-irf) <*(rf') <c l0 -(rf), Vye$r\E, (6.37) 

— ^ — '- J with C (7j p # and D a being the constants associated with a and 

p# as in (|2.37p . In particular, since C - iP# = C a {Cp # C p# ) Da < C a {C p ) Da , it follows that 
ci < C a (C p / e) D,T (1 + k) Dct . If «/ < k the same reasoning yields inequalities similar to (|6.37p . 

this time with a replaced by the constant c 2 := C . )P# (^Ml±Iil^ D ' 7 < C^C^/e) " (1 + k') Dct . 
All these now immediately yield (16.341) . □ 

Moving on, assume now that (E, p, a) is a space of homogeneous type and let p# be 
associated with p as in Theorem 12.21 in this context. Then for each a- measurable set A C E 
and each 7 G (0, 1), define the set of 7-density points, relative to A, as 

A*:=\x£E: inf 1 , P * V \. ' > 7}. (6.38) 

In particular, from this definition it follows that 

o~(B p# (x,r) n A) 



inf 



inf 



> 7- (6.39) 



Some basic properties of the sets of density points in the setting of spaces of homogeneous 
type are collected below. 
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Proposition 6.4. Let (E, p, a) be a space of homogeneous type, p# the regularization of p as 
in Theorem \2.2\ 7 G (0, 1) and A C E a a -measurable set. Then the following properties hold: 

(1) E\ A* = {x G E : Me[1e\a)( x ) > 1 — 7j"> where Me is the Hardy- Littlewood maximal 
operator on E (cf. (I2.1U3I) ). 

(2) A* is closed subset of (E,t p ). 

(3) a{E\A;)<^a(E\A). 

(4) If A is closed (in r p ), then A* C A. In particular, in this case, a{E \ ^4*) ~ a{E \ A). 

(5) For each A > there exist 7(A) G (0, 1) and c(A) > such that if ~f(\) < 7 < 1 i/iera 

a(B p# (x,\r)DA 



inf 



inf 



> c(A). 



(6.40) 



">dist p# 0,A;) a(B p# (x,r)) 

(6) If the measure a is Borel regular, then o~(A* \ A) = 0. 

^7) /f A is a-measurable set such that i C A C £, then A* C (A)*. 

The remarkable aspect of (3)- (4) above is that whenever A is a closed subset of (E,t p ) then 
in a measure-theoretic sense the size of both sets, A* and E \ A*, may be controlled in terms 
of sets A and E\ A, respectively (as opposed to point-set theory). The typical application of 
Proposition 16.41 is in estimating the measure of a cr-measurable set FCBby writing 



C 



a(F) = a{F D A*) + a(F D (E \ A*)) < a(F D A* y ) + y^°( E \ A ) 



(6.41) 



Proof of Proposition \6.4\ Starting with (I6.38D we may write 
E\A* 

\x G E : 3r > 



o-(B Jx,r) n A) i 
x G E : 3 r > such that V , P# , ,' < 7 > 

a(B p# (x,r)) J f 

such that ^4^^ > 1-7} 



x G E : sup( f 1m a dcr) > 1 — 7 \ 

r>0 V B p# (x,r) J J 



x G E : sup ( + 1 e\a dcr) > 1 — 7 > 

0<r<diam p# (M V B p# (x,r) ' > 

xeE: Me[1 e \a)(x) > I-7}, 



proving (1). We now make the claim that 

the function Me(1e\a) '• {^i t p) ~* [O7 00 ] is lower semi-continuous. 



(6.42) 



(6.43) 
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To prove this claim, we note that since the pointwise supremum of an arbitrary family of real- 
valued, lower semi-continuous functions defined on E is itself lower semi-continuous, it suffices 
to show that 

for every cr-measurable set F C E, the function / : (E, r p ) — > [0, oo) 
given by f(x) := a[B p# (x,r) flF) Vx G E, is lower semi-continuous. 

To this end, fix x G E arbitrary. The crux of the matter is the fact that our choice of the 
quasi-distance ensures that if {xjjjgN is a sequence of points in E with the property that 
Xj — > x as j — > oo, with convergence understood in the (metrizable) topology r p , then 

liminf 1 B r x r) (y) > 1 B {x r) (y), Vy G E, (6.45) 

as is easily verified by analyzing the cases y G B p# (x a ,r) and y £ E \ B p# (x ,r). In turn, 
based on this and Fatou's lemma we may then estimate 

f(x ) = a(B p# (x ,r)nF) = J^l Bp ^ (Xoir) (y)da(y) 

/ liminf 1 B {x r) (y)da(y) < liminf / 1 B (x r) (y) da(y) 



< 



= liminf a[B p (xj,r) F) = liminf f(xA. (6.46) 

This establishes (|6.44p , thus finishing the proof of (|6.43p . 

Moving on, (|6.43p implies that the last set in (|6.42|) is open (in r p ), hence (2) holds true. 
Also, by combining (1) with the weak-(l, 1) boundedness of M B (recall that we are assuming 
that (E,p,a) is a space of homogeneous type), we obtain 

a{E\A*) < -^-\\l EXA \\ Ll{Et(T) = J±- a (E\A). (6.47) 

Hence the inequality in (3) is proved. 

Suppose now that A is a closed subset of (E, t p ). Then E \ A is open, so if x G E \ A then 



a[B 



, : (x,r)nA)) 



there exists r > such that B p# (x,r) C E \ A. Consequently, v , P * — — — ^- = < 7, thus 

x g" A*. This shows that A* C A, hence a(E \ A) < a(E \ A*). Combining these with what 
we proved in (3) finishes the proof of (4). 

Turning to the proof of (5), fix some A > and x £ E, arbitrary, and select r > such 
that 

dist p# (x,vl*) < r. (6.48) 
Then there exists xo G A* such that p#(x,xo) < r, which forces 

B p# (x,Xr)CB p# (x ,C p# (l + X)r)CB p# (x,C 2 p# (l + X)r). (6.49) 
Consequently, since xq G A^ we obtain 

7 ct(B p# (xo, C p# (1 + A)r)) < a(B p# (x , C P# {1 + A)r) n A) 

< a(B p# (x ,C p ^l + X)r) \ B p ^x, Xr)) + a(B p# (x, Xr) n A) 

= a(B p# (x 0l C p# (l + X)r))-a(B p# (x,Xr))+a(B p# (x,Xr)nA), (6.50) 
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which further implies that 

a(B p# (x,Xr))-(l-^)a(B p# {x Q ,C p# (l + X)r)) < a(B p# (x, Xr) n A). (6.51) 
Recalling the second inclusion in (|6.49p and (|2.37p . we obtain 

a{B p# (x ,C p# (l + X)r)) < a{B p# (x , C 2 p# (1 + X)r)) 

< C CT , p# (^4^) D V( J B p# (x,Ar)), (6.52) 
where C ajPifi , D a are associated with a, p# as in (|2.37p . Together, (|6.5ip and (|6.52p yield 

a{B p# (x,Xr)) [l - C g|P# (l - T ^H^ )^] < o-(B p# (x, Xr) n A) . (6.53) 

Also, from (12371) we have that if A G (0,1) then a(B p# (x,r)) < C^ p# X~ D,T a(B p# (x, Xr)) , 
thus 

a(B p# (x,Xr)) >mm\l,-^\a{B p# (x,r)), VA > 0. (6.54) 
If we now we choose 



7(A):=1 -^;(£l^)) D ' e(0 ' 1, =W-im m {l,£-}>0. (0.55) 



then (f6753|) and (|634"D imply 

a(B p# (x,Xr)nA)>^a(B p #(x,Xr))>c(X)a(B p# (x,r)), V 7 G [ 7 (A), l). (6.56) 
This proves f5j. 

If cr is Borel-regular, then Lebesgue's Differentiation Theorem holds in the current setting. 
Hence, there exists a set F C E 1 with cx(-F) = and such that 

lim (-/ 1 A do-) = 1a (s), V x £ E \ F. (6.57) 

r->0+ V7 B/ , # (a:,r) 7 

In particular, for every x G A* \ F we have IaOe) = hm / # — ■ ^- > 7 > 0, which 

1 r^0+l cr[B p# (x,r)) J 

implies that A* \ F Q A, thus ^4* \ A C F. Consequently, since A* \ A is cr-measurable, 
we obtain that o"(^4* \ A) =0, proving (6). Finally, the statement in (7) is an immediate 
consequence of ()6.38j) . This concludes the proof of the proposition. □ 

We continue to state and prove auxiliary lemmas in preparation for dealing with Theo- 
rem [621 advertised earlier. To state the lemma below, recall the region J- K (A) from (|6.16p . 

Lemma 6.5. Let (JT,p) be a quasi-metric space, fi a Borel measure on (&,t p ), E a proper, 
nonempty, closed subset of (JT,t p ) and a a Borel measure on (E,r p \ E ) such that (E,p\ E ,o~) 
is a space of homogeneous type. If u : \ E — > [0, 00] is p-measurable, then for every k > 
and every a -measurable set A C E, one has 



u(y) dfi(y)) da(x) = / u(y)a(A D tt") dp(y) 
r K (x) 1 J»:\E 



u(y)a(Amr«)dp(y). (6.58) 
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Proof. By Fubini's Theorem (and (|6.9p ). we have 



u(y) dn(y)) dcr(x) = / u(y)( 1^ (x) da(x) ) dfi(y) 
r K (x) 1 J»;\e va ' 

u(y)a(AniT*)dfi(y), (6.59) 

proving the first equality in (|6.58p . The second equality in (|6.58p follows from (|6,59p and the 
fact that if y G 5C \ E and A n vr£ / then y G T K (A). □ 

Lemma 6.6. Let (J2T,/)) be a quasi-metric space, fi a Borel measure on (&,t p ), E a proper, 
nonempty, closed subset of (JT ,t p ), and a a Borel measure on (E,T p \ E ) such that (E, p\„, a) is 
a space of homogeneous type. Fix two arbitrary numbers n, k' > 0. Then there exist 7 G (0, 1) 
and a finite constant C > such that for every a-measurable set A C E there holds 

(( u(y)dfi(y))da(x)<C [ ( [ u(y) dfji(yj) da(x) (6.60) 
A*\Jr K (x) ' JA^Jr K ,(x) ' 

for every function u : J2T \ E — > [0, 00] which is /i-measurable. 

Proof. Recall the notation introduced in (|2.19p . We claim that 

for every k, k! > there exist 7 G (0, 1) and c > such that 
a(A n TTy) > ca(A* DTTy) VACE cr-measurable and My G T^A^). 



(6.61) 



Assuming this claim for now, let k, k' > be arbitrary and let 7 and c > be as in (|6.6ip . 
Then, if A and u satisfy the hypotheses of the proposition, starting with (|6.58p and using the 
fact that F K {A*) C \ E (itself a trivial consequence of (|6.2|) ). we may write 

(/ u(y) dfi(y)) da(x) = / u(y)a(A n vrif) d^y) 

A K Jr K ,{x) J J %\E 



u(y)o-(Anrf')dfi(y) 



> 



> c / u(y)a(A* DTT^dfiiy) 

= c [ ([ u(y)dfi(y))da(x), (6.62) 
J a* y Jr K (x) J 

where for the last equality in (|6.62p we applied Lemma 16.51 with A* in place of A. Hence, to 
finish the proof of the proposition we are left with showing (I6.6ip . 

Suppose k, k' > are fixed and pick some 7 G (0, 1), to be made precise later. Also, fix 
rj G (0, min {k, k'}) and for each y G ^(^4*) choose G E and e > as in (|6.33p (for rj as 
just indicated). Then satisfies the conditions in (|6.33p corresponding to both n and n' . As 
such, Lemma 16.31 implies that the inclusions in (16.32H hold for both n and k! . 

The fact that y G J r K (^4*) entails n A* ^ which, when combined with (|6.32p . implies 
B p# (y*,C p (l + K)S E (y)) n A* / hence, further, dist p# (y*, A*) < C p (l + k)5 e (v). Now, (5) 
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in Proposition 16.41 invoked with A := c jjz^ , x := y* and r := C p (l + K)5 E {y), guarantees the 
existence of some 70 = 70(A) G (0, 1) with the property that 

a(B p# (y„e5 E (y))nA) 

> c = c(k) > 11 7 G (70, 1). (6.63) 



a(B p# (y*,C p (l + K)8 E (y))) 

Hence, if we select 7 G (70,1) to begin with, the estimate in (16. 63ft in concert with (I6.32jl 
implies 

a(B p# (y^e5 E (y)) n A) > ca(B p# (y^C p (l + K)5 E (y))) > ctr{rf) > ca(A* n tt£) . (6.64) 

Since (16.32h also holds with n replaced by «/, we obtain from this and (|6.64p that 

<r[Anrf) >a(B p# (y*,e5 E (y))nA) >c<r(A^m^). (6.65) 

This completes the proof of (|6.61|) and, with it, the proof of the lemma. □ 

Lemma 6.7. Let (X , p) be a quasi-metric space, p a Borel measure on (X,t p ), E a proper, 
nonempty, closed subset of (J2T ,t p ), and a a Borel measure on (E,t p \ e ) such that (E, p\ E , a) 
is a space of homogeneous type. Then for every k,k' > there exists a constant C G (0, 00) 
such that 

u{y) dn(y)) f(x) da(x) <C f (f u{y) dp(y)) (M E f)(x) da{x) (6.66) 

for every function u : \ E — > [0, 00] that is p-measurable, and every function f : E — > [0, 00] 
that is a -measurable. 

Proof. Based on Fubini's Theorem (and (|6.9|) ) . we may write 

u{y)dp{y))f{x)da{x) = / u(y)( l n *(x)f(x) da(x) ) dp(y) 
e Vr s (i) ' J»;\e k Je ' 




[ u(y)a{rf)(-f fda)dp(y), (6.67) 



as well as 



/(/ u{y)dp{y))(M E f)(x)da{x) = [ u(y)a(rf) U M E f da) dp{y) . (6.68) 

JE K Jr K ,(x) 1 JX\E V^' 1 

Hence, in order to conclude (|6.66p . in light of (|6.67p . (|6.68p . and (|6.34p . it suffices to show that 
there exists a constant C% G (0, 00) such that 

/ fda<CiS Me! da for every ye^\E. (6.69) 

To this end, fix some y G X \ E and let y* G E, e > be such that ()6.33p holds for some 
77 G (0, min{K, k'}). Then (|6.32[) holds when written both for k and k' . In particular, for each 
z G TTy we have p#(z,y*) < C p (l + K ! )5 E (y) and, consequently, 

B p# (y*,C p (l + K)5 E (y)) C B p# (z,C p (l + max{n, n'})6 E (y)) 

C B p ^(y*,C 3 p (l + m a x{K,K'})5 E (y)), VzG<. (6.70) 
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Making now use of (IQ2l) . (fBTTOD and (pT3?D . we obtain 

f*/ d(7 ~ °{ B P # {y*,^ E {y))) l B p# (y*,C p {l+K)5 B {yj) ^ 

< C , m {Cle-\l + max{K,K'})) D ° I f da 

J B p# ( 2 ,C2(l+max{ K , K '})5 B (j/)) 

< C a , p #{C%e-\l + max{K,K'})) D *MEf(z), V z e rf' , (6.71) 

where C UtP# , D a are the constants associated with a, p# as in (12. 370 . Thus, if we now set 
Ci := C^^e-^l + max{/c,K'})) D ° then 

/ fda<Cx inf [Afe/(2)] <Ci/ M £ /da, (6.72) 

proving (|6.69[) . and finishing the proof of the lemma. □ 

We are now prepared to state and prove the following equivalence result for the quasi-norms 
of the mixed norm spaces associated with different apertures (of the nontangential approach 
regions) . 

Theorem 6.8. Let , p) be a quasi-metric space, [i a Borel measure on ,r p ), E a proper, 
nonempty, closed subset of (j£",Tp) ; and a a Borel measure on (E,T p \ E ) such that (E, p\ E , a) 
is a space of homogeneous type. Also, fix two indices p,q G (0, oo] with the convention that 
q = oo if p = oo. Then for each k, k' > there holds 

\\ u \\l{p^){X,E,h,(t;k) ~ \\ u \\L{p>i){X,E,ij,,(t;k')i (6.73) 

uniformly for p-measurable functions u : X \ E — > M. 
Hence, in particular, for eachp,q G (0, oo), there holds 



p/i \ 1 /p 

Ie l Jv k (x) 

uniformly for p-measurable functions u : & \E 



ip/q \ 1/p / / r / ~\p/i \ 1 /p 

u(y)\UfJi(y) da(x)) «(/ / \u{y)\i dp{y) da{x)) , (6.74) 



Before presenting the proof of this theorem we shall comment on the nature of the limiting 
case p = oo, q E (0, oo) of (I6.74p . This clarifies the comment at the bottom of page 183 in [71]. 

Remark 6.9. In the context of Theorem 1 6. 81 if q G (0,oo), in general it is not true that 

sup(7 Ky)|^My)) lA? ~sup(7 Hy)^ dp{y)) 1,q . (6.75) 

To see that this equivalence might fail, consider the case when := M 2 , E := R = , and 
take k := k? G (0,\/2). Also, without loss of generality, assume that q = 1 and consider 
u : X \ E — > M given by 

J x _1 if x > and x < y < x + 1, 
y) := < (6.76) 
otherwise. 
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)( / \u(x,y)\ dxdy) = / \u(x , y)\ dxdy = / x 1 dxdy = oo, (6.77) 

'^'r K (z) ' J\x\<y Jo<x<y<x+l 



Then 

sup I 

whereas for each z G (0, oo), elementary geometry gives that 

\u(x,y)\ dxdy < Cz~ l ■ Area{(x,y) £^(2); < x < y < x + 1} < C, (6.78) 



/or some C = C(k') G (0,oo). 77ms shows that sup zgR ^J* r ^ I^O^, dxdyj < 00, hence 
(|6.75p /ai/s m i/us case. 

We now turn to the 

Proof of Theorem \6.8[ Let the real numbers k,k'>0 be arbitrary and fixed. Then, recalling 
(|6.7I) , it follows that the equivalence in (16.730 is proved once we show that there exists a finite 
constant C = C(k, k') > such that for every /i-measurable function u : \ E — > 1R we have 

\Wq,K'U\\LP(E,u) < C\\£f qtK u\\ LP ( E ^, (6.79) 

with the understanding that, when q = oo, the g-th power integral of u over nontangential 
approach regions is replaced by the nontangential maximal operator of u (cf. (|6.13p ). We 
proceed by dividing up the proof of (16.79j) into a number of cases. 

Case I: < p < q < oo. For A > arbitrary define 

A := {x G E : (^ K u){x) < A}. (6.80) 

By (|6,8p we have that A is closed in (E, T p \ E ), hence A* C A for every 7 G (0, 1) by virtue of 
(4) in Proposition 16.41 Let 7 = j(k, k') G (0, 1) be such that (16.601) holds. Then 

a({x G E : (*f q>K >u)(x) > A}) < a(E \ A* y ) + a({x G A* : (*f q>K >u)(x) > A}) 
< -^—a{E \ A) + / oV(x) 

1-7 a« y A , 



< 



o-({x G £ : K, K n)(x) > A}) + ^ / K^x) 9 da(x). (6.81) 
1 _ 7 Ay 



For the second inequality in (I6.8ip we used (3) in Proposition 16.41 and Tschebyshev's inequality, 
while for the last inequality we used (|6.80|) and (|6.60p (with k and k' interchanged). Thus, if 
we multiply the inequality resulting from (|6.8ip by pA p_1 and then integrate in A G (0, 00), we 
obtain 



f*1 C OO f 

\KM\ P LP{E ,<r) < T—W<M\l P{E ^ + C / A^-W / (^ufda) dX. (6.82) 

By Fubini's Theorem, we further write 



A^W/ (^ K u) q da)dX = ( X p - q - 1 dX){£/ q ^u)(x) q da(x) 

= {q-p)~ l \Wq,Ku\\ p L P(E,oy ( 6 - 83 ) 



95 



given that we are currently assuming that p < q. In concert, (|6.82p and (|6.83[) now yield (|6,79p 
in the case when q £ (0, oo) and < p < q. 

Case II: p = q £ (0,oo). Combining (|6.58|) (corresponding to A = E and applied twice) with 
(|6,34p (applied for every y £ we obtain that 



\u{y)\ p dn(y)) da(x 



X\E 



\u(y)\Pa(<)My) 



e vr K (i) 



\ u (y)\ P dn(y) da(x), 



(6.84) 



and the desired conclusion follows. 



Case III: < q < p < oo. Let (p/q)' denote the Holder conjugate of p/q £ (l,oo). By using 
Riesz's duality theorem for Lebesgue spaces, then Lemma 16.71 (with u replaced by \u\ q ), and 
then Holder's inequality, we may write 



E Vr s (i) 



\u(y)\i d^y)Y /9 da{x) 



ilv 



\u\ q d[i 



r«(«) 



Ll /q {E,a) 



sup 

/>o, \\f\\ Lip/q y {Ea <i 



< C sup 

/ e z>/<J)' (e,<t) 
f>o,\\f\\ Lip/q y (E:a <i 



< C sup 

f>o,\\f\\ L(p/q y {Eiry) <i 




e vr«(i) 



\u(y)\i d^y) )f(x)da(x) 



\u(y)\^d l x(y))(M E f)(x)da(x) 
e^t k ,(x) ' 



(/ \u(y)\« d^{y)) P * do(x)\ x 



<C| l E [j^ ^\u{y)\«dv{y)) Plq da(x) 



x( (M E f)(x)W*)' da(x)) 

J E 



V(p/«)' 



(6.85) 



where for the last inequality in (I6.85P we used the boundedness of the maximal operator Me 
on L r (E, a) for r := (p/q)' £ (1, oo). This completes the proof of (|6.79p when < q < p < oo. 



Case IV: < p < oo, q = oo. Fix A > and introduce (recall (16.13P ) 

K :={xeE: (Af K u)(x)> \}, K , := {x € E : (Af K 'u)(x) > A}. (6.86) 

Hence, the desired conclusion follows as soon as we show that there exists C £ (0, oo), inde- 
pendent of u and A, with the property that a(0 K >) < Cg(O k ). In turn, by virtue of (3) in 
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Proposition 16.41 this follows once we prove that that there exists 7 G (0, 1) such that 

O k ,QE\(E\O k )*. (6.87) 

To justify this inclusion, fix r] G (0, min {k, k'}) and assume that x G O k > is an arbitrary 
point. Then there exists y G Y K >(x) for which \u{y)\ > A and we select y* G E and e G (0, 1) 
as in ()6.33p (for 77 as specified above). In particular, p#(y,y*) < (1 + rj)8 E (y). Observe from 
(|6,32p and f|6.86|) that in this scenario we have 

EnB p# (y*,e8 E (y)) QrfQ(D K (6.88) 

and we also claim that 

E n B p# {y*,e5 E {y)) ^EnB p# (x, C p (l + K ')8 E (y)) ■ (6.89) 
To see this, recall that e G (0, 1) and note that if z G E satisfies p#(z,y*) < 8 E (y) then 
P#(x,z) < C p max {p # (x,y),p # (y,z)} 

< C p max j(l + K,')8 E (y), C p max{p # (y, y*), p#(y*, 

< C p max |(1 + K f )S E (y), C p max{(l + a)5 E (y), 5 E (y)}} 

= C p (l + K')5 E (y), (6.90) 
proving (|6.89|) . In concert, (|6.88p and (|6.89p yield 

£7 n 5 p# (y„6 E (y)) CO s n B p# (x, C p (l + K)5 E {y)) . (6.91) 
Let us also observe that 

P#(x,y*) < C" p max{p # (x,y),p # (y,y*)} 

< C p max{(l + K / )fe(y),(l + r ? )fe(y)} = C p (l + K ')^(y)- (6-92) 

Then, for some sufficiently small c G (0,1) which depends only on k,k' and background geo- 
metrical characteristics, we may write 



a(0 K n B p# (x, C p (l + K')S E (y))) a(En B p# {y*,e6 E (y)) 

' > —, r- > c, (6.93) 



a [En B p# (x, C P {1 + Kf)S E (y))J <r(En B p# (x, C p (l + K')S E (y) 

where the first inequality follows from (|6,9ip . while the second inequality is a consequence of 
(|6.92p and the fact that (E,p\ E ,a) is a space of homogeneous type (cf. (|2.37p ). In particular, 
if we set r := C p (l + n')5 E {y), then 

a((E\0 K )nB p Jx,r)) 

U / / # ' ; < 1 - c. (6.94) 

a{EnB p# (x,r)) 

Thus, if we select 7 such that 1 — c < 7 < 1, then (|6.94p entails x $ (E \ O k )*. This proves 
the claim (|6.87p . and finishes the treatment of the current case. 
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Case V: p = q = oo. In this case, the desired conclusion follows upon observing that if 
u : S£ \ E — )• M is a ^-measurable function then 

Ebx^ \\u\\ Loa{ r K{xM ioo(s = \\u\\ L ^ { ^\ E>lx) . (6-95) 

Indeed, the inequality || ||^||z, oo (r K (a;),^) || ^oo(_e ct ) — II u IU°°(.£"Ye,aO is a simple consequence of 
the fact that T K (x) C 3C \ E for each x £ E. In the opposite direction, if M denotes the 
left-hand side of (|6.95|) . then there exists a cr-measurable set FOE satisfying cr(F) = and 
||it||l,oo(r re (a;),/i) — M for every x G E\F. Since (E,p\e) is geometrically doubling, so is E \ F 
when equipped with p\e\f-> hence separable as a topological space. Consequently, given that 
E \ F is dense in E, it follows that there exists a countable subset A := {xj} Jg N of E \ F 
which is dense in E. Now, for each j G N there exists iVj C r K (xj), null-set for fi, such that 
< M for every x G Thus, iV := UjgN-^j C \ E 1 is a null-set for ^ and 

|n(x)| < M for every point x belonging to 

( U r «(^)) \ N = F K (A) \ N = F K (A) \ N = F K (E) \N = {3T\E)\N, (6.96) 

where the second equality follows from (i) in Lemma [6.2|, and the last equality is a consequence 
of ()6.2p and the fact that E is a closed subset of (3£,t p ). Hence, IMI^oo^^ ^\ < M, as desired. 
This finishes the justification of (|6.95|) and finishes the proof of the theorem. □ 

6.2 Estimates relating the Lusin and Carleson operators 

We now introduce a Carleson operator £ and show how it can be used instead of the area 
operator to provide an equivalent quasi- norm for the mixed norm spaces. This is essential 
in Subsection 16.41 and it is achieved by combining Theorem 16.81 with a good A inequality, as 
in Theorem 3 of |16j . 

Let {3£,p) be a quasi-metric space, p a Borel measure on (JT,r p ), E a nonempty, proper, 
closed subset of (3f,T p ), and a a measure on E such that (E, p\ E , a) is a space of homogeneous 
type. For each index q G (0, oo) and constant k G (0,oo), recall the L 9 -based Lusin (or area) 
operator £0q )K from (16. Th . and now define the L 9 -based Carleson operator <t q>K for all p- 
measurable functions u : \ E — > E := [— oo, +oo] by 

(£ q , K u)(x) := sup (^r f \u(y)\«a(rf)dp(y)y, Vx G E, (6.97) 
ACE, xgA ^ v ' JT K (A) ' 

where Hy is from (|6.17p . the supremum is taken over surface balls, i.e., sets of the form 

A := A(y,r) := E n B p# {y,r), y G E, r>0 (6.98) 

containing x, and T K (A) is the tent region over A from (|6.16p . 

The following theorem extends the result on from [161 Theorem 3, p. 318]. To state it, 
consider a measure space (E,a), and for each p G (0, oo) and r G (0, oo], let L p ' r (E,a) denote 
the Lorentz space equipped with the quasi-norm 

/ roo j \ \ 1/r 

LP,r(E,a) ■= AV({* G £ : |/(x)| > A}) r/P T J , if r < oo, (6.99) 

L v,o° {Ea ) ■= su P [Acj({x G E : |/(a;)| > A}) 1/p l if r = oo. (6.100) 
A>0 L J 
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Note that L p ' p {E,a) = L p (E,a) for each p E (0, oo). Also, given a quasi-metric space (^,p), 
call a Borel measure p on (<5T,Tp) locally finite when p(B p (x,r)°^ < oo for all x E and 
r > 0, where the interior is taken in the topology r p . 

Theorem 6.10. Let (JT , p) be a quasi-metric space, p be a locally finite Borel measure on 
(J%~,t p ), and assume that E is a proper, nonempty, closed subset of \X \t p ), and a a measure 
on E such that (E, p\ E , a) is a space of homogeneous type. Fix q E (0, oo) and k > 0. Then 
the following estimates hold. 

(1) For each p E (0,oo) there exists C E (0, oo) such that \\&f q ,Ku\\LP(E,a) — C\\£q,K u \\LP(E,a) 
for every p-measurable function u : X \ E — > R. 

(2) For each p E (q,oo) and each r E (0, oo] there exists a constant C E (0, oo) such that 
\\£q,K u \\LP' r (E.cr) — C\\s^ q ^ K u\\ LV ,r^ E ^ for every p-measurable function u : X \ E — > R. 

(3) Corresponding to the end-point cases p = q and p = oo in (2), there exists C E (0, oo) 
such that for every p-measurable function u : 2£ \ E — > R the following estimates hold: 

\\<£ q , K u\\ Lq ,oo( E>a ) < C||^ )K it|| W ( E)(T ) and \\<t q)K u\\ L oo^ Ei ^ < C||^, re u||L°°(B,<j)- (6.101) 
In particular, 

\Wq,KV,\\ L v(E,a) ~ H^.k^IUp (£,<r) / 0r eac/l Z> G (6.102) 

uniformly in u : \ E — > R, p-measurable function. 
Proof. Fix g E (0, oo) and define 

f 2 ( 1 A?)-l if g < 1, 

Also, fix an arbitrary /i-measurable function u : \ E — > R. We claim that the following 
good-A inequality is valid: 

V k > 0, ]/t' > k, 3 c E (0, oo) such that V 7 E (0,1], V A E (0, 00) , there holds 

(6.104) 

a({x E E : (j^ q>K u)(x) > 2c q X, (C q>K u)(x) < 7 A}) < c-fa{{x E £ : (#f q>K 'u) (x) > A}), 

where the constant c E (0, 00) is independent of u. Suppose for now that the above claim is 
true. Then, if k > is fixed, let k',c be as in fj6. 104f) . Hence, for each fixed 7 E (0,1] and 
every A > we have 

cr({x E E : K,, K u)(x) > 2c q X}) (6.105) 
< a({x E E : (<£ q>K u)(x) > 7A}) + c 7 V({x E E : (^, K /u)(x) > A}) . 

Thus, if we multiply the inequality in (|6.105p by pA p_1 and then integrate in A E (0, 00), we 
obtain 

(2c q )- p \\^ q , K u\\ P LPi E,a) ^ 7~ P \\£^ u \\ P lp(e,„) + d q \\<M\ P LP{E ,ay V 7 E (0, 1]. (6.106) 
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Since from Theorem 16.81 we know that there exists a finite constant C > depending only on 
K,n',p,q and geometry, such that ||^g,«'it||iP(js )<T ) < C\\^/ q ^u\\i P ^E,a)i we arrive at 

(2c q )-P\\^ K u\\ P LP{E ^ <r^Ml P{E ,a) + cCP ^\\<M\ P LP[E , aV V 7 € (0,1]. (6.107) 

In order to hide the last term in the right-hand side into the left-hand side, fix a point xq G E 
and, for each j 6 N, consider 

uj := min{H,j} • l Bp# (x ,j)\E on $?\E. (6.108) 

Observe that 

supp (^ q , K Uj) C B p# (x ,C p (l + K)j), < srfq^Uj < j ■ fJ,(B p# (x , j)) 1/q < oo, (6.109) 

where the last inequality uses the fact that [i is locally finite. In turn, this implies that 

\\^ q ,KUj\\ LPiEj<7) < J ■ v{B p# (x , j)) 1/q a(En B p# (x ,C p (l + K)j)f /p < oo, (6.110) 

since a is locally finite. Hence, if we choose 7 G (0,1] so that (2c q )~ p > 2cC p j q , then we 
obtain from (|6. 107j) written with u replaced by Uj 

\\<W\\ P lp {E ,„) < CW^KUjWisiE,*)' V -?' G N ' C 6 - 111 ) 

for some C G (0, 00) independent of j. Note that < £ q , K Uj < £ q , K u pointwise in E and that 
Uj /* \u\ pointwise //-a.e. on \ E implies srfq jK Uj /* £^ q<ft u everywhere on E by Lebesgue's 
Monotone Convergence Theorem. Based on these observations, (16. 1 11 [) and Fatou's lemma we 
may then conclude that 

lim inf \stf q K Uj] p da < lim inf / \s/ q K uj] p da 
= iimmf \Wq,KUj\\ p LP{Eta) < C\\£ q>K u\\ p Lv{E ^y (6.112) 
That is, granted (j6. 104[) . we have 

\WlM\ P Lv {E ,a) ^ C \\£q,K U W P L P( E>(T y (6-113) 

Thus, to finish the proof of part (1) of the statement of the theorem, we are left with proving 
(|6.104j) . Fix k' > k > along with 7 G (0, 1], then for an arbitrary A > define the set 

O x := {x G E : {^ R ,u){x) > A}. (6.114) 

By Lemma |6.1[ 0\ is an open subset of (E,r p \ E ). Also, since s^ q ^u > sd q)K u pointwise in E, 
we conclude that 

{x G E : (£? q>K u)(x) > 2c q X} C O x . (6.115) 

If 0\ = 0, then by (16.1150 the inequality in the second line of (j6. 1Q4H is trivially satisfied. 
Therefore, assume that 0\ 7^ in what follows. Let us also make the assumption (which will 
be eliminated a posteriori) that 

the /i-measurable function u : \ E — > R is such that 

P X (6.116) 

0\ from (|6.114p is a proper subset of E for each A > 0. 



/ v\\ p 
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In such a scenario, for a fixed, suitably chosen A > 1 we may apply Proposition 12.61 (with A 
there replaced by A G ) to obtain a Whitney covering of 0\ by balls, relative to (E,p\e), which 
we may assume (given the freedom of choosing the parameter A Q , and (|2.15p ) to be of the form 
Bj := E n B p# (xj, rj), j £ N, satisfying properties (l)-(4) in Proposition 12.61 for some A > A Q . 
If we now prove that 

3 k' > k and 3c £ (0, oo) such that V7 £ (0, 1], V A £ (0, 00), there holds 

(6.117) 

a({x £ Bj : {sf q ^u){x) > 2c q \, (€ q>K u)(x) < 7 A}) < c-f q a(Bj) for every j £ N, 

then combining (|6.117[) with ()6. 1 15[) and properties (l)-(2) from Proposition 12.61 we may 
estimate 

a({x £ E : {^ K u)(x) > 2c q X, (C q , K u)(x) < 7 A}) 

= a({x £ O x : (£/ q , K u)(x) > 2c g A, (C q , K u)(x) < 7 A}) 

00 00 

< £V({x £ Bj : (j* q , K u)(x) > 2c 9 A, (€ q , K u)(x) < 7 A}) < cf^<T{B s ) 
j=l j=l 

< C 7 V(0 A ). (6.118) 
Hence, (|6.1U4|) follows. 

Turning now to the proof of (|6.117p . fix j £ N, and note that without loss of generality we 
may assume that 

{x £ Bj : K, s «)(x) > 2c g A, (€ q>K u)(x) < 7 A} ^ 0, (6.119) 

since otherwise there is nothing to prove. Decompose u = ul{g E > r .y ~^ u ^-{& E <rj} =: ^1+^2 and 
let Zj £ E \ 0\ be such that p#(xj,Zj) < Arj (the existence of Zj is guaranteed by property 
(3) in Proposition I2.6|) . We claim that 

there exists k' > k independent of 7 £ N with the property that 

(6.120) 

if x £ Bj and y £ T K (x) is such that 5e{v) > fj then y £ T K i(zj). 

Indeed, if x £ Bj, we have p#(x,Zj) < C p# max{p^(x, Xj), p#(xj, Zj)} < C p Arj. Hence, if 
y £ T K (x) is such that 5e (y) > rj then 

P#{y,Zj) < C p# m&x{p # (y,x),p # (x,Zj)} < C p max{(l + K)6 E (y),C p Arj} 

< C p m a x{(l + K),C p A}5 E (y). (6.121) 

Now we choose k' > C p max{(l + k),C p A} — 1, so then k' > k, and k' depends only on 
finite positive geometrical constants (hence, in particular, it is independent of j £ N). Based 
on (]6.12ip we obtain that (|6.120p holds true for this choice of k' . Then, using (16.1201) and 
recalling that Zj £ E \ 0\ , we may write 

= j \u(y)\«dp(y)< J \u(y)\ q dp(y) 

yer K (x) y& K '{^j) 

^ K iu){zj) q < X q , Vx £ Bj. (6.122) 
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Next, we make use of (|6,58p to write 



K,«n 2 )(x) 9 da(x) = J \u(y) | n^d^y) 

J/e^e(-Bj),5 B (2/)<^ 



< J Kv)IM*£)<W (6.123) 



y&J 7 K (B j ),S E (y)<r J 



In order to proceed further, first make a geometrical observation to the effect that (using 
notation introduced in (|6.98p ) 

there exists a finite constant c„ > such that for every r > and every xn G E 

. . / (6-124) 

if y G J 7 K (A(x 0l r)) and fe(y) < r then y G T K (E n 5 p# (to, c r)J Vw G A(x ,r). 

To see why this is true, consider a point y G J 7 k (A(xo,t)) with the property that <5e(2/) < 
Then there exists x G A(xo, r) such that p#(y, x) < (1 + n)5E{y) < (1 + ft)r. Let u> G A(xo, r) 
be arbitrary and note that 

P#(x,w) < C p# max{p # (x,x ),p # (x ,w)} < C p r. (6.125) 

Accordingly, choosing c G > C p forces x G E n B p# (w, c Q r) hence, further, 

dist p# (y JJ E;n J B p# (u;,c r)) <p#(y,z) < (l + /s)fe(y). (6-126) 

Let us also observe that 

P#(w,y) < C p# max{p # (w,x),p # (x,y)} 

< C p# max{c p# max{p # (w,x ), p#(x ,x)}, p#(x,y)\ 

< C p max{C p , 1 + K}r. (6.127) 
Thus, if z G E \ B p# (w, c r), making use of ()6.127p we obtain 

c Q r < p#(z,w) < C p# max{p # (z,y),p # (y,w)} 

< C p max{p#(z, y), C p max{ C p , 1 + K}r| = C p p#(z,y), (6.128) 

where the last equality is necessarily true if we take c Q > C 2 max{C p , 1 + k} (given the nature 
of the left-most side of f[6.128[> ). Consequently, for this choice of c Q , (|6.128p gives that 

P#(y,z) > ^-r > ^-5 E {y), Vz£E\B p# (w,c r) (6.129) 

hence, if we also assume c > C p (l + k) 2 , then 

distp # (y,E\B p# (w,c r)) > {l + K) 2 5 E {y)- (6.130) 

Together, (16.1261) and (|6.13()h allow us to conclude that if c G > max{C p (l + k) 2 , C z p , C 2 (l + k)} 
then 

dist p# (y, E n B p# (w, c r)) < (1 + K) _1 dist p# (y, E \ B p# (w, c r)) . (6.131) 
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In light of (|6.18p . we deduce from (|6.13ip that y G T K [E n B p# (w, c r)) when c G is chosen as 
above. This completes the proof of (|6.124p . 

Combining (|6.123p with (|6.124|) (the latter applied with Bj in place of A(xQ,r)), and 
keeping in mind that 

cr(Bj) « <r(.E n B p# (w, c a rj)) , uniformly in j G N and w £ Bj, (6.132) 

which is a consequence of (|2.37| . we may then estimate 



B 3 



y&T K {Bj),5E{y)<rj 

c 



<T{EnB p# (w,c rj)) Jr K {EnB p# {w,c orj )) 

< C inf [(£„ K u)(w)] q < Cj q X q , (6.133) 

where for the last inequality in f|6. 133|) we have used the assumption (|6. 1 19j) . In concert with 
Tschebyshev's inequality, (|6.133|) gives that 

a({x G Bj : « K u 2 )(x) > A}) < C-fa^Bj), (6.134) 

for some C G (0, oo) independent of 7 G (0, 1] and j G N. Also, in view of (|6.122p . we obtain 

{x G Bj : (j* qtK u)(x) > 2c q X} C {x G : (^, K u 2 )(a;) > A}, (6.135) 

since pointwise on E we have s^ q , K u < Cq(&/q jK u\+ s/q^u?) , where c q is as in ()6.103p . Combined 
with (I6.134P , this yields the inequality in (16.117P . The proof of part (1) of the theorem is then 
complete, provided we dispense with the additional hypothesis in (|6.116p . To do this, we 
distinguish two cases. 

Case I : Assume that diam p (£') = 00. An inspection of the proof reveals that estimate (|6.107D 
has only been utilized with Uj (from ()6.108p ) in place of u. As such, we only need to know 
that {x G E : (£f qjK >Uj)(x) > A} is a proper subset of E for each j G N and each A > 0. 
However, in the case we are currently considering, this follows by observing that, on the one 
hand, a(E) = 00 by (12.381) . while on the other hand &({x G E : (&/ qiK rUj)(x) > A}) < 00 by 
(|6.110p and Tschebyshev's inequality. 

Case II: Assume that diam p (i^) < 00. Recall from (I2.38H that this entails <j{E) < 00, and 
set R := diam p# (£') G (0,oo). For some positive, small number e a , to be specified later, 
decompose \u\ = v! + u" := \u\l^g E ^ <£oR y + \u\l^s E (-)> £o R}- Hence, u',u" are /i-measurable 
and < u',u" < \u\. Note that for each x G E, (|6.97p gives 



(W)(*) > / u"( y ya(^)d^y)) 



1/9 



SC\E 



> c( / u"(y) q dpi(y)y '>c«y)(i), (6.136) 
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by taking r > R in (|6.98p and recalling (iv) in Lemma 16.21 and observing that there exists a 
constant C E (0, oo) with the property that for each y £ S£ \E we have (with and e as in 
Lemma 16. 3p 

ff^^ff^nB^^efed,))) >a(EnB p ^y*,ee R)) >Ca(E), (6.137) 

where the last inequality is a consequence of the doubling condition on a. In turn, (|6,136p and 
the monotonicity of the Carleson operator allow us to write 

\Wq,Ku"\\ L v{E,a) < C|| £q, K u" \\lp(E,(t) < C \\ ^q,nU\\ Lv{E,a) ■ (6.138) 

To proceed, set e Q := 4g and fix x\,X2 G S satisfying p#{x\,X2) > R/2. We claim that 

these choices guarantee that 

Ma*) n r K /(x 2 ) c {x e % \ e ■. 5 E {x) > e R}. (6.139) 

Indeed, if y G T K r(xi) n T K /(x 2 ) then p#(y,xj) < (1 + K')6 E {y) f° r J = 1)2 and we have 
i?/2 < p#(x 1 ,x 2 ) < C p max {p # (y,xi), p#(y,x 2 )} < C p (l + K')S E {y) = -^S E (y), which shows 
that the inclusion in (|6.139p is true. If we now further decompose 

u' = ui + 4 := u'lr^o + «'(1 - 1^,^)) ( 6 - 14 °) 

then < u'i,u 2 < u', and both tt^tt^ are //-measurable. Moreover, due to (I6.139P and the fact 
that u\ has support contained in the set {5 E (-) < £ R}, we also obtain that {s^ q ^u' 1 ){x2) = 
and (&?q lK 'U 2 )(xi) = 0. The latter imply that the sets constructed according to the same recipe 
as 0\ in (|6.114p but with u replaced by either u\ or u' 2 , are proper subsets of E for every 
A > 0. Hence, hypothesis (|6.116p holds for each of the functions u\, u 2 . As such, the first part 
of the proof gives that (|6.113p holds with u replaced by either u\ or u' 2 . In concert, these give 

\\^q,Ku'\\ L P {E ,a) < C\\^q,Ku'l\\LP{E,a)+ C \Wq,Ku'2\\LP{E,a) (6.141) 
< C||Cg,K«l||j>(£;,er) + C\\ <lq, K U 2 \\lp(E,(t) < C\\ tq tK u\\ LP ^E,a) • 

Together with (|6.138p . this then yields (|6. 113j) for the original function u. This finishes the 
treatment of Case II and completes the proof of the estimate in part (1) of the theorem. 
Moving on to the proof of part (2), the key step is establishing the pointwise estimate 

(<t q>K u)(x ) < C[M E {^ fhK u) q {x Q )Y, Vx eE, (6.142) 

for some C G (0, oo) depending only on n,p,q and geometrical characteristics of the ambient 
space. To justify this, fix r > 0, and let A be a ball of radius r in (E, (p\e)#)- Then, upon 
recalling ()6.58|) . (ii) in Lemma 16.21 and (|6.19p . we may write 

[ {^q, K u){x)i da(x) = I \u(yWa(An^)dp(y) 

> [ \u(y)\«v(Anrf)diM(y) 

= / My)\**(rf)dn(y). (6.143) 
Jr K (A) 
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Now (|6.142p follows from (|6. 143|) by dividing the latter inequality by <r(A) and taking the 
supremum over all A's containing an arbitrary given point Xo £ E. 

With the pointwise estimate (|6.142|) in hand, whenever p £ (q, oo) and r £ (0, oo] we may 
use the boundedness of Me on the Lorentz space L p / q ' r / q (E,a), which holds since p/q > 1, 
and the general fact that for each a > we have 



\ L p,r {E ,a) = C{p,r,a)\\f\\ a Lpa , ra{Et(7) , (6.144) 
in order to write 



i 



< C||K >K «)«||| p/g , r/9(£)(7) =C\\^ qjK u\\ LP ,r {E>CT) , (6.145) 

as required. 

There remains to observe that the two estimates in (3) are obtained by a computation 
similar to (|6.145p that is based on (|6. 142|) . the weak-(l, 1) boundedness of Me, and the bound- 
edness of Me on L°°(E,a). This finishes the proof of the theorem. □ 

Remark 6.11. The case p = q = r of part (2) of Theorem \ 6.10l which corresponds to the 
estimate \\^ P ,K,u\\LP^E,a) ^ CII^.K^II-t^C-E.o-)? fails in general. A counterexample in Euclidean 
space when p = 2 is given in the remarks stated below Theorem 3 of [1 6}. 

6.3 Weak L p square function estimates imply I? square function estimates 

We are now in a position to consider LP versions of the L 2 square function estimates considered 
in Section [3] for integral operators 0£. The main result is that 1? square function estimates 
follow automatically from weak LP square function estimates for any p £ (0, oo). This is stated 



in Theorem 16.121 below. The result is achieved by combining the T(l) theorem in Theorem 
with a weak type John-Nirenberg lemma for Carleson measures based on Lemma 2.14 in [1] 
(see also [26, Lemma IV. 1.12] for a similar result). 

Theorem 6.12. Let < d < m < oo. Assume that (&,p,/j,) is an m- dimensional ADR 
space, E is a closed subset of ,t p ), and a is a Borel regular measure on (E,T p \ E ) with the 
property that (E, p\ E ,a) is a d-dimensional ADR space. Finally, suppose that is the integral 
operator defined in (13.4j) with a kernel 6 as in (13. ip . (13.2p . (13.3H . 

Then whenever K,p,C Q £ (0, oo) are such that for every surface ball ACE (cf. (|6.98p ) 

a(^[xeE: jT ^ \(@l A )(y)\ 2 5 E (y) 2v - m dp(y) > X 2 }^ < C \- p a(A), VA > 0, (6.146) 

there exists some C £ (0, oo) which depends only on n,p,C Q and finite positive background 
constants (including diam p (i?) in the case when E is bounded) with the property that 



\(Qf)(x)\ 2 8 E (x) 2v -^ d Up(x)<C [ \f(x)\ 2 da(x), VfeL 2 (E,a). (6.147) 

Je 
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The requirement in (|6. 146j) is actually less restrictive than a weak LP square function 
estimate. In particular, it is satisfied whenever the following weak LP square function estimate 
holds for every / G L p (E,a): 



sup X-a(\xEE: [ \(Qf)(y)\ 2 5 E {y) 2v ' m dp(y)>X 2 



Vp 



< C \\f\\ L P(E,a)- (6-148) 



a>o v L Jr K (x) 



Indeed, (|6.146p follows by specializing (|6.148p to the case when / = 1a for an arbitrary surface 
ball ACE. 

To prove Theorem 16.121 we need only set q = 2 in Proposition 16.131 below to obtain a 
Carleson measure estimate, and then apply the T(l) theorem for square functions in Theo- 
rem [32J Therefore, the remainder of this subsection is dedicated to the proof of the following 
proposition. 

Proposition 6.13. Retain the same background hypotheses as in the statement of Theo- 
rem \6.12\ In this context, let 13(E) denote a dyadic cube structure on E, consider a Whitney 
covering W\(^ \E) of X\E as in Lemma \2.21\ and, corresponding to these, recall the dyadic 
Carleson tents from (|2.13ip . Then whenever K,p, q, C Q G (0, oo) are such that for every surface 
ball ACE there holds 



there exists some C £ (0, oo) which depends only on n,p,q,C and finite positive background 
constants with the property that 



In preparation for presenting the proof of Proposition 16. 131 we discuss a couple of auxiliary 
results. The first such result is a variation on the theme of Whitney decomposition discussed 
in Proposition 12.61 

Lemma 6.14. Let (E,p,a) be a space of homogeneous type with the property that the measure 
a is Borel regular, and let H(E) be a collection of dyadic cubes as in Proposition \2.12\ Also, 
suppose that O is an open subset of (E,t p ) with the property that (O, p\ , o~[0) is a space of 
homogeneous type. Fix A G (l,oo) and suppose f2 is an open, proper, non-empty subset of O. 
Then there exist e G (0, 1), N G N, A G (A, oo) and a subset W C D(E) such that the following 
properties are satisfied: 




<C \- p a(A), VAX), (6.149) 



sup 

QeO(E) 




(6.150) 



(3) 



(1) 



(2) 



QCVL for every Q G W and a(Vt\ [j Q£W Q) = 0; 
QHQ' = for every Q, Q' G W with Q ^ Q' ; 

for every the cardinality of the set {Q G W : B p (x,e dist p (x, O \ Q)) n Q / 0} 

at most N; 



is 



(4) 



XQCQ and AQ n [O \ / for every Q G W; 



(5) 



£{Q) » £(Q') uniformly for Q,Q' G W such that XQ n AQ' / 0; 
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(6) £ Iaq < N. 

Proof. Given A G (l,oo), apply Proposition 12.61 to the open, proper, non-empty subset f2 of 
the space of homogeneous type [O, p\ , o~[0) . This guarantees the existence of parameters 
e G (0, 1), N G N, A G (A, oo), as well as a covering of fi with balls O = (JjeN^ n ^p( x j^ r j)) 
such that the analogues of the properties (l)-(4) in Proposition 12.61 hold in the current setting. 
Next, for each j G N consider 

Ij := {Q G O(E) : l(Q) « and Q n B p (xj, rj ) ^ 0}, (6.151) 

and define W := UjeN ^? thinned out, so that QnQ' = for every Q,Q' G W, Q ^ Q' ■ Granted 
the properties the families H(E) and {B p (xj,rj)}j^ satisfy (as listed in Proposition 12.121 and 
Proposition 12. 6p and given the nature of the construction of the family W, it follows that 
properties (l)-(6) in the statement of the current lemma hold for the family W. □ 

We now state the aforementioned weak type John-Nirenberg lemma for Carleson measures, 
cf. [H Lemma 2.14] for a result similar in spirit in the Euclidean setting. 

Lemma 6.15. Retain the same background hypotheses as in the statement of Theorem \6.1S\ . 
In this context, fix two finite numbers k, n > 0, an index q G (0, oo) and, for each Q G H>(E), 
define 

Sq(x) := ( J \(ei)(yW5 E (yr~ m d^y)) lq , Vx G E. (6.152) 

p # {x,y)< V £{Q) 

Assuming that n is sufficiently large (depending only on geometry) and granted that there exist 
two parameters N G (0, oo) and (3 G (0, 1) such that 

ct({x G Q : S Q (x) > N}\ < (1 -P)a{Q), VQgD(^), (6.153) 

then one may find C G (0, oo) depending only on geometry, the estimates satisfied by the kernel 
6, and k, n, with the property that 

su p i^h I m)^w5 E (xr-^- d u^x))<rHc+N"). (6.154) 

QeO(E) ^ w JT E (Q) ' 

Proof. For each i £ N, let 0j be as in (|3.94p and associate to the function Sq, much as 
Sq is associated to G. Note that Sq and Sq depend on the constant k defining T K . We fix 
k G (0, k) to be specified later and we use the notation Sq ~ for the function defined similarly 
to Sq but with k in place of k. Also, with N G (0, oo) and j3 G (0, 1) satisfying (|6.153p . define 

nj»* : = {x g Q : S* Q (x) > N}, VQ£B{E), Vi G N. (6.155) 

Since, thanks to Lemma 16.11 for each Q G D(E) and i G N the function Sq is lower semi- 
continuous, from (|6.155p . (|6.153p and the fact that Sq < Sq pointwise in Q we deduce that 

VQ G D(J5), Vi G N, Qq^ is an open, proper subset of Q. (6.156) 
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To proceed, consider 

Ai -= SU P [ (Sy(x)yda(x)), ViGN. (6.157) 



Then, based on <|6.58j> (applied to the function u := \{Qil)\ q 5 q E m l{dist p# (-,Q)<c^(Q)}) we ma y 
write, with xg denoting the center of Q G 

J {Sy{x)y da{x) < J ( | KG,!)^)!^^— d/x(y)) cfc(i) 



s/er s O) 
dist p# (y,Q)<C£(Q) 



< 



J mi){y)\ q t E (y) qv - m <y{Qc^;) d^{y) 



dist p# (y,Q)<C£(Q) 

< C J \(ed)(y)\ q S E (y) qv - {m - d) dfi(y), (6.158) 

B p ^(x Q ,Oe(Q)) 

where the last step in (|6.158j) uses the inequality a(Q n 7r^) < C5E{y) d which, in turn, is a 
consequence of Lemma |6.3| the fact that (E, p\ E ,a) is a d-dimensional ADR space, and the 
observation that 5e{v) < dist p# (y, Q) < C £(Q) < Cdiam p (£') on the domain of integration 
(of the third integral in (|6. 158[) ) . Moreover, reasoning as in ()3.98|) we obtain 

f \{®d){y)\ q 5 E {y) qv ^ m ~ d) dfi{y) < Ci 2qv t(Q) d < Ci 2qv a{Q) (6.159) 

Jb p# (x q ,C£(Q)) 

for every Q G O(E), so by combining f|6. 158|) and (|6.159j) we arrive at the conclusion that 

^0) [ (.S* QrK (x)r da(x) < C(i) < oo, (6.160) 

for each cube Q G J}(E) and each i G N. Thus, in particular, A 1 < oo for every i G N. 
At this stage in the proof, the incisive step is the claim that, in fact, 

3 A G (0, oo) independent of i such that 

(6.161) 

WT) I Q (S l Qr ^)) q da{x) < A, VQ G B(E). 

In the process of proving this claim we shall show that one can take A := /3 _1 (C + N q ) where 
C G (0, oo) is a constant which depends only on geometry, the estimates satisfied by 9, and 
k. To get started, fix i G N and first observe that if Q G H>(E) is such that ^q'* = 0, then 
Sq £ < Sq < N on Q, hence for such Q's (|6.16ip will hold if we impose the condition that 
A > N q . Next, let Q G B(E) be such that 0,%'* ^ 0. Then, thanks to (|6.156h . it follows 

that Oq' 1 is an open, nonempty, proper subset of Q. Recall from (|2.57p that (Q, p\q,c[Q) is a 
space of homogeneous type and the doubling constant of the measure a[Q is independent of Q. 
Then there exists a Whitney decomposition of Qq'* relative to Q via dyadic cubes {Qk} k( zjN^ 



108 



as described in Lemma f6. 141 (used with O := Q and £1 := Oq'*)- Introducing Fq ,% := Q \ fig'* 
we may then write 

I {Sy{x)fda{x)= f N {S i Q ~{x)Yda(x)+ E / (S i Q- f :(x)) q da(x) =: I + II. (6.162) 

Since k < k forces Sq~ < Sq < N on Fq' 1 , we further have 

/ < [ N XSi 2 (x)yda(x) < N q a(Q). (6.163) 

To estimate /I, we write 

11= I (S* Qk ~(x))i da(x) 

+ E / ( / l(ea)(y)l 9 ^r- m dMy)W(*) 

vt(Qk)<P#(y,x)<vt(Q) 

=:III + IV. (6.164) 

By recalling (16. 1571) . the fact that the family {Q/t}, cr iv,i consists of pairwise disjoint cubes 
from B)(E) contained in fig'*, as well as assumption (|6.153p . we have 

/// < Ai(J (Qk) < A*a(Q^) < A\l - P)a(Q). (6.165) 



Moving on, from (|3.2[) and (13.190 (given that v — a > 0) we see that |(0jl)(y)| < ^J(y) v ^ or 
every y G & \ E. Thus, if Co > is some large finite fixed constant which will be specified 
later (just below (|6.17ip . to be precise), and if k G Iq % then for each x e Q k there holds 

J \(Qd){y)\ q 5 E (yr- m d^y)<C J (6.166) 

yer-(x) yer-(x) 
vi(Qk)<P#{x,y)<Cot{Qk) vt(Qk)<P#(x,y)<C e(Q k ) 

< Ce(Q k y m ^{y G r K (x) : ^(Q fc ) < P #(x,y) < C ^(Q fc )}) < C < oo, 
for some C > independent of x, /c, Q and i. In turn, (|6.166p entails 



E / ( / Ke.i)^)! 9 ^^)^^^))^^) 



, _ T N,i ° Vfc 



¥(Qk)<P#(x,y)<C e(Q k ) 



< C E *(Qfc) ^ ^ C<r(Q), ( 6 - 167 ) 
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which once again suits our purposes. Next, since {Qk} h ^ T N,t is a Whitney decomposition of 

Q 

Qq' 1 relative to Q, for each k £ Iq' 1 there exists x k G Fq ' l such that 



dist p# (x fc ,Qfc) < c£(Q k ), 



(6.168) 



for some finite c > independent of k, Q and i. We now claim that there exits k G (0, «) 
depending on the constants associated with the Whitney decomposition of ^q'* (hence, ulti- 
mately, on finite positive geometric constants associated with (E, p\ E , a)), as well as on k and 
the constant Co, but independent of k, Q and i, such that 



xeQk, y G r~(x) and C £(Q k ) < p # (x,y) =^ y eT K (x k ). 



(6.169) 



To justify this claim, suppose that k G (0,k) and fix x G Q fc along with y G T^(x) such that 
Co£(Qk) < dist p# (y,Q). Then 



Co^(Qfc) <p#{y,x) < (l + K)6 E (y) < (l + n)S E (y). 



(6.170) 



Also, if we choose a finite number $ G (0, (log 2 C p ) x ] , Theorem 12.21 gives that (p#) is a 
genuine distance. As such, we may estimate based on (|6.168p . (|6.170p and hypotheses 

P#(y,x k f < p#(y,x)* + p#(x,x k )* <(l + Kf5 E (yf + c*£(Q k f 
< {l + nf8 E {yf + A^±^5 E {yf 



provided Co > c 



l 

l+K 



and < k < (1 + re) 



1/1? 



(6.171) 



1. Assuming that this 



is the case, (|6.169j) now follows from (|6,17ip . 



Going further, with (I6.169P in hand and upon recalling that SQ(x k ) < N, we may estimate 



mi)(y)\ g 5 E (yr- m dp(y))da(x) 



C t(Q h )<p # (x,y)< V i(Q) 

< E / ( / l(e,.i)(y)r^(y)^- m ^(y)) "'--) 

fce/ Q ' 2/er K (z fc ) 

p#(x,y)<r]i(Q) 



which is of the right order. In concert, (16,167p -( |6.172p prove that there exists C G (0, oo) 
depending only on geometry, the estimates satisfied by the kernel 9, and re, with the property 
that IV < (C + N q )a(Q). In combination with (|6.162p - (|6.165p . this then allows us to conclude 
that 



(Sy(x)yda < A\l - p)*(Q) + (C + AT>(Q), VQ G B(E). 



(6.173) 
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In particular, if we divide (|6. 1T3|) by cr(Q), then take the supremum over Q £ ~B(E) we arrive 
at the conclusion that A 1 < A l (l — /?) + C for each i £ N. Upon recalling that A 1 £ (0, oo) 
for each i £ N and that (3 £ (0, 1), it follows from this that sup igN A 1 < /3~ l (C + N q ) < oo. 
Hence, (|6.16ip is true. 

Consider now the function Sq ^ defined analogously to Sq but with H in place of k. Given 
that lim Sq ~ = Sq^ pointwise in E, from (|6.16ip and Lebesgue's Monotone Convergence 

Theorem we may conclude that 

3Ce(0,oo) such that J (S Q ^(x)) q da(x) < C, VQgD(£). (6.174) 
Next, observe that 

x,y £ B^XQ^C-HiQ)) P# (x,y) < rj£(Q). (6.175) 

Then, based on (I6.152|) . (|6.175|) . <^58\\ . (ii) in LemmaE^l (I6TT9L and the fact that (E,p\ E ,a) 
is a d-dimensional ADR space, we may estimate (using notation introduced in (I6.98P ): 



(S QrK (x)y da(x) 



f ( J \(Ql)(yW5 E (yr- m dp(y))da(x) 



p#{x,y)<rit{Q) 



> J ( / |(Gl)(y)r^(y)^- m ^(y))^(x) 



P#(3/^q)<^C- 1 €(Q) 



/ 



|(ei)(y)rfe(y)^- m a(A(xQ,r / C- 1 ^(g))n^) d/x(y) 



P#(y,XQ)<riCp 1 i(Q) 



> 



J |(ei)(y)rfe(y)^- m a(A(xQ,^ 1 £(Q))n^) ( i/,(y) 



p # (t/,x Q )<r,C p - 1 £(Q) 



/ 



\(ei)(y)\"5 E (yr- m a{^)dp(y) 



I \(Ql)(yW5 E ( y y^ m - d Up(y), (6.176) 

yeT-iAixQ^Cp^-liQ))) 
P#(y,^Q)<riCp l l{Q) 

uniformly for Q £ O(E). Let us also observe that there exists an integer M Q £ N (depending 
only on geometry) with the property that for every Q £ D(E) the ball A(xq, r]C~ 1 £(Q)) may 
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be covered by at most M Q dyadic cubes of the same generation as Q, and that for every such 
cube Q there holds Sq = Sq. Having noticed this, we then deduce from (|6. 174|) . (|6.176p . and 
(|6,23|) that there exists C € (0, oo) satisfying 



1 



J \{ei)(x)\ q d E {x) qv - {m - d) dfi(x) < C, VQeD(B). (6.177) 



<t(Q) 

B p# (x Q , n Cp 2 t{Q))\E 

With this in hand, (|6.154p now follows with the help of (|2.145[) . if n is sufficiently large to 
begin with (depending only on geometry). □ 

Our last auxiliary result is an estimate of geometrical nature, on a nontangential approach 
region. For a proof (and for more general results of this type) see |61j . 

Lemma 6.16. Let p, p) be an m-dimensional ADR space for some m > 0. Assume that E 
is a closed subset of (JT ,r p ) with the property that there exists a Borel measure a on (E,T p \ E ) 
such that (E, p\ E ,a^) is a d-dimensional ADR space for some d > 0. Then for each k > 0, 
f3 < m, M > m — f3, there exists a finite constant C > depending on k, M, f3, and the ADR 
constants of S£ and E, such that 

I xx? Mx) < Cp(y, z) m - p - M , for all z,y e E with z^y. (6.178) 

Jr K (z) P#{x,y) M 

Now we are ready to proceed with the 

Proof of Proposition \6.l3[ Based on Lemma 16.151 it suffices to prove that if the hypotheses of 
Proposition 16.131 are satisfied, then there exist N < oo and f3 G (0, 1) such that (|6.153p holds. 
To this end, let N > be a large finite constant, to be specified later, and fix an arbitrary 
Q G 0(E). Also, recall c q from (|6.103j) and fix an arbitrary number rj > 0. Then, with Sq as 
in (I6.152P and some finite constant c > to be specified later, we may write 

<j[[x^Q: S Q {x)>N}^ 

< o-({x e Q : ( J \(Ql cQ )(yW5 E (yr- m dp(y)) lq > N/2 

yer K (x),p # (x,y)< v e(Q) 

+a({x e Q : ( J \{Ql EVQ ){y)\ q 5 E {yr- m dp{y)f > N/2}) 

yeT K (x),p # (x,y)<rie(Q) 

= :/ + //, (6.179) 

where we have used the notation cQ := En B p# (xq, c£(Q)) . Note that under the assumption 
(|6.149p (and the fact that a is doubling) we may estimate 

/ < a[{x 6Q:(| r \{®l cQ ){y)\i5 E { V r- m dp{y)f > N/2]) < &a(Q), (6.180) 

which suits our purposes. 
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Going further, select some finite constant c Q > supg/gp^) (diam p# (Q')/£(Q')^ . Given x G Q 
fixed, note that for each y G B p# (x,rj£(Q)) we have 

p#(y,x Q ) < C p# max{p # (y,x),p # (x,x Q )} (6.181) 

< C p max {q, c D } £(Q) < c~ x C p max {??, c Q } P#(z,xq), \/z£E\1 cQ . 
Consequently, if z £ E \1 c q, then 

p # (z,x Q ) < C p# max{p # (z,y),p # {y,x Q )} (6.182) 
< C p p # (z,y) + c~ l C 2 p max {rj, c } p # (z,x Q ), Vy G B p# (x, rj£(Q)). 

Hence, choosing the finite constant c > sufficiently large so that c _1 C p max {rj, c D } < \ forces 
P#(z,xq) < 2C p p#(z,y) for all y G B p# (x,r}£(Q)). Making use of this, (|3.2[) . and (|3.2U|) we 
may then write 

Kei^gXiOl < C f 5 , E }%l_ a da(z) < C8 E {y)- a f 

J p#(z,y) d+v a J p # (z,x Q ) a + v a 

E\cQ z£E,p # (z,x Q )>cl(Q) 

< C w£^> Vy£B p# (x lV £(Q))- (6-183) 

Pick now 1 < ci < C2 < c such that there exists w G C2Q \ c\Q (which may be assured by 
further increasing c if needed, given that (E, p\e,ct) is a d-dimensional ADR space). Then 
clearly p#(x, w) ~ £{Q) and we claim that also 

p#(y,w)^£(Q), uniformly for y G T K (x) D B p# (x,<r]£(Q)). (6.184) 

Indeed, on the one hand, if the point y G 3C is such that p#(y,x) < rj£(Q) then we obtain 
p#(y,w) < C p max{p#(y, x), p#(x, w)} < C£{Q). On the other hand, if we additionally know 
that y G T K {x), then p#(y,x) < (1 + K)S E (y) < (1 + K)p#(y,w), hence 

C£(Q) < p#{x,w) < C p# max{p # (x,y) 5 p # (?/,w)} 

< C p (l + K> # (y,u;)<C£(Q), (6.185) 

proving (|6.184|) . 

Select now a real number M > q{v — a). Combining (|6.183p and (|6. 184[) we then obtain 
J \(ei EVQ )(y)\06 E (yr- m dp(y) (6.186) 



p # (x,y)<n£(Q) 



p # (x,y)< v e(Q) 



r K (x) 

< C£{Q) M - q{v -^p # {x,w)- M+q{ ~ v - a ^ <C, ViGQ, 
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where for the penultimate inequality in (|6.186p we have relied on Lemma [6, 161 (used here with 
(3 := m — q(v — a)). 

With this in hand, we are now ready to estimate the term II (appearing in (|6.179|) ). 
Concretely, applying first Tschebyshev's inequality and then invoking (|6,186p we obtain 

H< % J Q { j \^E VQ ){y)\ \^_ qv ) k da{x) < %a{Q). (6.187) 

yer K {x) 
p # (x,y)<rjl(Q) 

Combining (|6.179|h (16.1801) and (I6.187|) we see that, for each (3 £ (0, 1), if we choose N > 
sufficiently large, then 

a[{x G Q : S Q (x) > N}) < j-C^^Q) < (1 - PWQ), VQ e O(E). (6.188) 

Hence, f)6. 153H holds and the proof of the proposition is complete. □ 



6.4 Extrapolating square function estimates 

We now combine our results to prove two extrapolation theorems for square function estimates 
associated with integral operators Qe, as defined in Section [3j First, we use Theorem 16.101 to 
prove the extrapolation result in Theorem 16.181 and then we combine this with Theorem 16.121 
to obtain another extrapolation result in Theorem 16.201 

In the first part of this subsection we digress to clarify terminology and background results 
concerning the scale of Hardy spaces H p for p £ (0, oo) in the context of a (/-dimensional 
Ahlfors-David Regular space. In particular, we consider an atomic characterization for these 
spaces based on the work of R.R. Coifman and G. Weiss in |19j . as well as a maximal function 
characterization based on the work of R.A. Macfas and C. Segovia in [57J. The theory of 
Hardy spaces in the context considered here has also been developed by D. Mitrea, I. Mitrea, 
M. Mitrea and S. Monniaux in |60j . 

Consider a d-dimensional ADR space (E,p,a) and let /3 E (0, oo). Given a real-valued 
function / on E, define its Holder semi-norm (of order /3, relative to the quasi-distance p) by 
setting 



\f(x) - f(y)\ 

^■ = ~Jl%y P^VY ' (fU89) 



and define the homogeneous Holder space ^"(E) as 

tfP(E,p):={f:E^R: ||/||^ (B>p) < oo}. (6.190) 



Going further, set ^<f (E, p) for the subspace of ^^{E^p) consisting of functions which vanish 
identically outside a bounded set. Then define the class of test functions on E as 

9(E,p):= p| V?(E,p), (6.191) 

0</3<[log 2 Cp]- 1 

equipped with a certain topology, t@, which we shall describe next. Specifically, fix a nested 
family {K n } ne ^ of /^-bounded subsets of E with the property that any p-b&ll is contained in 
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one of the K^s. Then, for each n E N, denote by 2> n {E,p) the collection of functions from 
&(E,p) which vanish in E \ K n . With || • standing for the supremum norm on E, this 
becomes a Frechet space when equipped with the topology r n induced by the family of norms 

{II • Hoc + II ' 11^/0 • @ rational number such that < /3 < [log 2 C p ] }. (6.192) 

That is, £} n (E,p) is a Hausdorff topological space, whose topology is induced by a countable 
family of semi-norms, and which is complete (as a uniform space with the uniformity canonically 
induced by the aforementioned family of semi-norms or, equivalently, as a metric space when 
endowed with a metric yielding the same topology as r n ). Since for any n E N the topology 
induced by r n+ i on @ n (X,p) coincides with r n , we may turn @(X,p) into a topological space, 
(@(X, p),T@), by regarding it as the strict inductive limit of the family of topological spaces 
{ (@ n (X, p), r n)} neN - Having accomplished this, we then define the space of distributions 
&{E,p) on E as the (topological) dual of @(E,p), and denote by (•,•) the natural duality 
pairing between distributions in S)'(E,p) and test functions in @(E,p). 

To proceed, for each number 7 E (0, [log 2 C p ] ) and each point x E E define the class 
Bp(x) of (/?, 7)-normalized bump-functions supported near x by 

B~ p f {x) : = jv> E @{E, p): 3 r > such that tp = on E \ B p (x, r) and 

ll^l|oo+^||^||^ (£ip) <r- d }. (6.193) 

In this setting, define the grand maximal function of a distribution / E 2#'(E,p) by setting 
(with the duality paring understood as before) 

f; n (x):= sup |</,V)|, VxeE. (6.194) 

Given an exponent p satisfying 

- — ri d - . -, <p<oo, (6.195) 
d+flog^p]- 1 

define the Hardy space H P (E, p,a) by setting 

H p {E,p,a) := {/ E &{E,p) : V7 E E so that d(i - l) < 7 < [log 2 C^ 1 (6.196) 

it follows that /* #>7 E L p (S,ct)}. 

A closely related version of the above Hardy space is H P (E, p, a), with p as before, defined as 
H P (E, p, a) := {/ E ^'(£, p) : 3 7 E R so that d(| - l) < 7 < [log 2 Cp]" 1 (6.197) 

and with the property that / p#i7 E LP(E, cr)|. 

Moving on, given an index 

^nUi-' '"- 1 ' (6 ' 198) 
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call a function a G L°°(E,a) a p-atom provided there exist xq G E and a real number r > 
with the property that 

suppaC£nB p (i ,r), ||a|U°°(JS,<7) < r~ d/p , / ada = 0. (6.199) 

Je 

In the case when E is bounded we also agree to consider the constant function a(E)~ l l p as a 
p-atom. Then, for each p as in (|6.198p . define the atomic Hardy space H p t (E, p,cr) as 

H p at (E,p,a) := {/ G (tf^Vp-l) (£, : 3{A i } i6N e ^ P (N) and p-atoms {a,-} ieN 

such that f = J2^aj m (^ d(1/p_1) (^>p))*}> (6-200) 

and equip this space with the quasi-norm || • \\h p (E,p,a) defined for each / G H p t (E, p,a) by 

\\f\\HUE, P ,a)-=^{(j2\ X ^) 1/P : / = E A i°j asin([O00])}. (6.201) 

The following atomic decomposition theorem, extending work in |57j . has been established in 

Theorem 6.17. Assume that (E,p,a) is a d- dimensional ADR. Then 

H P (E, p, a) = H P (E, p, a) = L P {E, a) for each p G (1, oo). (6.202) 

Suppose now that p is as in (16.1981) and, for every functional f G H p t (E, p,a), denote by f 
the distribution in 3$'(E, p) defined as the restriction of f to @(E, p). Then the assignment f \— > 
f induces a well-defined, injective linear mapping from H p t (E, p, a) onto the space H P {E, p, a). 
Moreover, for each 

7 G M with d(i - l) < 7 < [log 2 C p }~ 1 (6.203) 

there exist two finite constants c\ , c 2 > such that 

ci\\f\\ H * t (E >P> *) < II(7)^ )7 Hlp(^) < 02\\f\\ H l t (E >P> a) for all f G H p at (E,p,a). (6.204) 

Consequently, the spaces H P (E, p,o), H P (E, p,o~) are naturally identified with H p t (E, p,a). In 
particular, they do not depend on the particular choice of the index 7 as in (16. 203 j) . 

As a corollary, whenever (|6.203[) holds one can find a finite constant c = c(p, p,j) > such 
that for every distribution f G 3>'(E,p) with the property that its grand maximal function fp #a 
belongs to L p {E,a) there exist a sequence of p- atoms {aj}j^fq on X and a numerical sequence 
{Xjjjm e £ p (n) for which 

f = J2^j a j in @'(E,p) (6.205) 
jeN 

and 

(Ei^-r) 1/P < c ii/; # ,7ii^(^)- ( 6 - 206 ) 
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Finally, whenever (|6.203|) holds one can find a finite constant d = c/(p, p, 7) > such that, 
given a distribution f G S>'{E,p), a sequence of p- atoms {aj}j^, and a numerical sequence 
{Xj}jeN e £ P (N) such that (16.2051) holds, then 



\\f;#j LP{ E,«)<c'(Y,\ x i\ p 

j6N 



1/p 



(6.207) 



Consider now the setting of Section 13.11 and suppose that is a function as in (|3.ip which 
satisfies (|3.2p and such that there exists a G (0, 00) with the property that for all x G 3£\E 
and y £ E there holds 



|#(x,n)-fl(x,y)| <C e - 



P(y,y) a { dist p (x,E) 



' p(x,y) d+v+a V p(x,y) 
VyG-E with p(y,y) < \p(x,y). 

We are now ready to present the first main result in this subsection. 



(6.208) 



Theorem 6.18. Let d,m be two real numbers such that < d < m. Assume that (&,p,p) is 
an m-dimensional ADR space, E is a closed subset of (^,t p ), and a is a Borel measure on 
(E,T p \ E ) with the property that (E, p\ E ,o~) is a d-dimensional ADR space. 

Furthermore, suppose that is the integral operator defined in ()3.4p with a kernel 9 as in 
(PLED , (|33|) . (I6.208P - Finally, fix k > and, with a p as in (|2~TT1) and a as in (|6.208p . set 



7 := min |a p , a} . 
Given q G (1, 00) and p G (^pr,oo) consider the estimate 

dp{y) 



(6.209) 



l(e/)(y)l 4 



< CH/Hh^pi^), V/G^(S,p| E ,a), (6.210) 



Ll{E,a) 



ir K (x) S E (y) r 
where C > is a finite constant. 
(I) Assume that q G (l,oo) has the property that, for some finite constant C > 0, either 

dp(y) 



r K {x) 



\(Qf)(y)\' 



Se(v) 



m—qv 



< C\\f\\ Lq(E , a) , Vf€L*(E,a), (6.211) 



or there exists p Q G (q, 00) such that for every f G L Po (E, a) there holds 



sup 

A>0 



• G E : 



l(©/)(y)l f 



r«(x) My) 



''/'(/;) >A <?jy /Po 



m—qv 



<C\\f\\ LPo{E ,a)- (6.212) 



Tnen (I6.210P ZioWs /or every p G ( , 00) . 



(77) Assume that q G (l,oo) is such that there exist p a G (l,oo) and a finite constant C > 
suc/i £/iai (|6.212p ZioWs /or every / G L Po (E,a). Then (16.210P holds for every p G (l,p ) 
and, in addition, for every f G L (E,o~) one has 



sup 

A>0 



■a({xeE: [ |(0/)(y)| 



d/i(y) 



S E (y)mr-W 



> 



< C\\f\\ LHE7a) . (6.213) 
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It is worth mentioning that the conclusion (|6.210p in Theorem 16.181 may be re-phrased as 
saying that the operator 

5 v E - m/q e : H p (E,p\ E ,a) — >• L^\^,E) (6.214) 

is well-defined, linear and bounded. 



To set the stage for presenting the proof of Theorem 16.18} we state a lemma containing an 
estimate for a Marcinkiewicz-type integral (cf. [61] for a proof). 

Lemma 6.19. Assume that (E,p,o~) is a d- dimensional ADR space for some d > 0. Then 
for each a > there exists C £ (0, oo) such that whenever F is a nonempty closed subset of 
(E, T p ) one has 

dist (v F) a 

P#yyi ' da{y)da{x) <Ca(E\F). (6.215) 



F JE 



p#(x,y) d - 
We are now prepared to present the 
Proof of Theorem \6.18[ We divide the proof into a number of cases. 

Case 1: Let q £ [l,oo), p Q £ (l,oo) be such that (I6.212|) holds for each f £ L Po (E,a). The 
main step in this scenario is proving that the operator A QtK o (8 E m ^ q Q) is of weak type (1, 1), 
that is, that there exists C > such that for every A > there holds 



o({x £ E : A q , K {5 v - m/ \®f)){x) > A}) < C UU ^\ V/ £ L l (E,a). (6.216) 

Assuming (|6.216p for the moment, we proceed as follows. The operator Ag K o (8 E m ' 9 0) is 
subadditive, of weak type (1,1) by (|6.216p . and of weak type (p ,Po) by (|6.212p . Hence, by 
the Marcinkiewicz interpolation theorem, A q:K o (6 E m ^ 9 @) is of strong type (p,p) for every 
p £ (l,p ), yielding (|6.210|) (after unraveling notation), for the specified range of q,p ,P- As 
such, this takes care of the claim made in the first part of (II) in the statement of the theorem. 
Moreover, (|6.213p corresponds to (|6.216p . whose proof we now consider. 

To get started, assume that / £ L x (E,a) has been fixed. When < A < \\f\\L 1 (E,a)/ a '{E') 
(which may only happen in the case when E is bounded), we have 



<j({x £ E : A q , K {8 v E m/<1 (®f)){x) > A}) < a(E) < 11 J , (6.217) 

so (|6.216p holds in this case if we choose C > 1. 

Consider now the case when A > ||/||li(_e i(T )/ <:t (-E')- There is no loss of generality in assuming 
that / has bounded support, and we shall perform a Calderon-Zygmund decomposition of / 
at level A. More precisely, there exist two finite constants C > 0, A' £ N (depending only on 
geometry), along with an at most countable family of balls (Qj)jej, say Qj := B p (xj,Vj) for 
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each j G J, and two functions g,b : E — >■ M satisfying the following properties (cf., e.g., |18j): 

/ = 5 + 6 on E, (6.218) 

5 € L X (E, a) nL°°(E, a), \\g\\ L i {Et(T) < C\\f\\ L i {E;a) , \g(x)\ < CX, Vx G £?, (6.219) 

6 = >^ 6j with supp6j C Qj, / 6j d<7 = 0, and + \bj\ da < CX, Vj G J, (6.220) 
if := U, eN Qj ^ E and F:=E\0, then £ . 1 Q , < AT, 

(6.221) 

0"(0) < xII/IIl 1 ^^) and dist p (Qj,F) w rj uniformly in j G J. 

Note that the above properties also entail SjeJ ll^i Hl 1 ^. ") — CII/IIl 1 ^ ")' so ^ ne ser i es m 
(|6.220p converges absolutely in L l (E,a). 

By the quasi- subadditivity of Ag >K o m/<? G) and ([OT8j) we have 

A,4^" m/9 (@/)) < A,4C m/9 (©5)) +A q , K (8 E - m/q (Qb)) (6.222) 
so, as far as ()6.216|) is concerned, it suffices to prove that 

u {] , c . ,n, ; :iy >i V - m/q (^r,\\(^ \ \ /Ol^i <" ^, 11/11^(^,0-) 

and 

a({x G £ : A q , K {8 E ' m/q (Qb))(x) > A/2}) < c " 7 "^^ . (6.224) 

Making use of (I6.212p (with / replaced by 5), (I6.219P and keeping in mind that p Q > 1 we 
obtain 

G £ : A q , K (S E - m/q m)(*) > A/2}) < c( MlP ^ ) P ° 

^ c \\9\\^Ie^9\\l H e^) ^ c \\f\\ L HE,.) ^ (6 _ 225) 

thus (|6.223p is proved. We are therefore left with proving (16.224p . To justify this, first note 
that by (|6.22ip we have 



a({x G E : A q , K {8 v E m/q (9g))(x) > A/2}) < C II; "^ , (6.223) 



<r({x G O : ^, K (^~ m/9 (96))(x) > A/2}) < a{0) < C UU ^ E ^ . (6.226) 



Second, it is immediate that 



cx({x G F : ^(^'(^Ki) > A/2}) < ~ J A q , K [6 v E m/q (Qb)) da. (6.227) 

Therefore, since E = OUF, in view of (|6.226p and (|6.227[) . estimate (|6.224p will follow as soon 
as we prove that 

/ A q , K (5 v - m/q (@b)) da < C||/|| L i (J5)<y) (6.228) 
Jf 
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for some C > independent of /. With this goal in mind, we fix j G J and x G F arbitrary 
and look for a pointwise estimate for 



r«(*) 



(6.229) 



With and rj denoting, respectively, the center and radius of Qj , based on the third condition 
in (|6.220p . for each y G F K (x), we may write 



[9(y,z) ~ 0(y,Xj)]bj(z)da(z) 
<h + h, 



|(66,)(y)| = lJ(y,z)bj(z)<ia(,) 

[e(y,z)-0(y,x j )]b j (z)da(z) 

where, for some small e > to be determined momentarily, we have set 
If.= J \0(y,z) - 8(y,Xj)\\bj(z)\da(z), 



\0{y,z) - 0(y>«j)|lfyO)l da(z). 



(6.230) 



(6.231) 



(6.232) 



zeQj 



Note that, by (j2.14j) . if p#(z,Xj) < ep#(y,Xj) then 

p(z,Xj) < C^p # (z,Xj) < eC 2 p#(y,Xj) < eC p C*p # (y,Xj) < \p(y,Xj) 



(6.233) 



if < e < 2 1 C p l C 2 . Hence, for this choice of e, we have p(z, xj) < \p{y, xj) on the domain 
of integration in I\. Based on this, (|3.3[) and (16.220p . we may then estimate this term as follows 



h < C 



< C 



Q . p # (y, Xj ) d +-+— 1 lK n y> 

rfd E ( y y a 



p#(y,xj 



\d+v+a— a 



Qj 



r?S E (y)~ a <T(Qj) 
bAz)\da{z) < CX V WJ _ r ■ 



(6.234) 



Estimating I2 requires a few geometrical preliminaries. Recall that x G F, y G T K (x) and fix 
an arbitrary point z G Qj such that p(z, Xj) > ep(y, Xj), where e > is as above. Since, on the 
one hand, 



Tj « dist p (Qj,F) < C p p(x,Xj) < Cp(x,y) + Cp(y,Xj) 
< C{l + K)6 E (y) + Cp{y, Xj ) < Cp(y, Xj ), 



(6.235) 



while, on the other hand, the fact that z G Qj forces p(xj,z) < rj which in turn allow us to 
estimate p(y,Xj) < e~ 1 p(z,Xj) < e~ 1 C p p(xj, z) < e~ 1 C p rj. Hence, ultimately, 



r j ~ p{y-> x j)-> uniformly in j G J and y G T K {x) with x G F. 



(6.236) 
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In addition, the same type of estimate as in (|6.235p written with Xj replaced by z yields 
rj < Cp(y, z), which further implies 

p(y, Xj ) < Cp(y,z) + Cp(z,xj) < Cp(y,z) + Cr j < Cp(y,z), (6.237) 

for some constant C E (0, oo) independent of j, x, y, z. Hence, from (|6.236j) and (|6.237fl . we 
obtain 



C Cr c - 
p(y,z) d + v ~ p(y, Xj ) d + v ~ p(y, Xj ) d + v +<*' 



Consequently, on the domain of integration in I2 we have thanks to (13. 2p and (I6.238P 

p#{y,z) d+v a p # {y,x j ) d+v a p # (y,x j ) d+v+a a 
Together with (I6,220p . this allows us to estimate (recall that I2 has been defined in (I6.232p ) 



r—* r-jr : / \bj{z)\d<J\Z) < CX — —. r~TT ; 

p#(y,Xj) d + v +<*- a J JWI w - p # {y, Xj ) d + v + a - 

zGQj such that 

P#{z,Xj)>ep # {y,Xj) 



Cumulatively, (I6.230p . (I6.234j) and (I6.240P prove that there exists C £ (0, 00) with the property 
that, for every j £ J, 



x £ F ==$■ {(QbjMl <CX J ^ \\ d+ ;j_ a , Vyer^x). (6.241) 



rfS E (y) - a a(Qj) 

Utilizing (|6.24ip in (|6.229|) . it follows that for every j £ J and x £ F 



/ r 8 ( n\<i( v ~ a )~ m \ — 

AU5 E - m/q (®h)) (*) < CX rfa( Qj ) ( jf^ p J^ )q{d+v+ ^ a) Mv)) * • (6-242) 

At this point we make use of Lemma 16.161 (recall that v — a > 0) to further bound the last 
integral in (|6,242p and obtain that for every j £ J and x £ F 

f dist (z F) a 

A q ,4d v E - m/(! (eb,))(x)<CXrfa(Q j )p(x,x 3 r d ~ a <CX P#K ' ' da(z). (6.243) 

JQ 3 P#\ x > z ) 

Two geometrical inequalities that have been used in the last step in (|6.243p are as follows. 
First, dist p# (z, F) « rj, uniformly for z £ Qj and, second, for every z £ Qj we have 

p(x,z) < Cp(x,Xj) + Cp(xj, z) < Cp(x,xj) + Crj 

< Cp(x,Xj) + Cdist p (Qj,F) <Cp(x,Xj). (6.244) 

Summing up inequalities of the form (|6.243p over j £ N and using the sublinearity of the 
operator A qjK [5 E m ^ q @(-)) (recall that q > 1), as well as the finite overlap property in (]6.22ip . 
we obtain 

AUt V E m/q m){*) <CX[ d ^* { l^ da(z), Vx e F. (6.245) 

JO P#\ x i z ) 
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Consequently, from (|6.245|) , Lemma 16.191 and ([6.22ip , we deduce that 

f A q , K {5 v E - m/q (Qb))(x)dx<CX 
Jf 

r r dist (z F) a 

<CX P * y ' ' da(z)da{x) < CXa(E\F) = CXa(0) < C\\f\\ L r {Ey(T) . 

JF JE P#V x ; z ) 

This proves ()6.228p . thus completing the proof of (|6.216p . In summary, the analysis so far 
proves part (II) in the statement of the theorem. 

Case 2: Assume that (|6.212p holds for some 1 < q < p < oo. As a preliminary step, we 
make the observation that, in this scenario, granted (|6.212p and the conclusion in the Case 1, 

*fq,K {S E ~ m/qe ) '■ L ' r ( E ' a ) ~> Lr ( E > a ) is bounded whenever r £ (l,p Q ). (6.247) 

Because of the equivalence (|6.102p in Theorem 16.101 estimate (|6.210p for the range p S (q,oo) 
will follow once we show that 

£ q , K o {5 v E ~ m/q G) : L P {E, a) -> L P (E, a) is bounded for q < p < oo. (6.248) 

Fix p £ (q, oo). The proof of the boundedness of the operator in (|6.248p relies on the following 
pointwise estimate 

(t q , K {S E ~ m/9 (Qf))(xo) (6.249) 

< C[(M E {\f\ q )(x ))< +(M E (M E (f)))(x )], Vx G E, 

for each / E L p (E,a). Indeed, fix such a function /. After raising the inequality in (I6.249P to 
the p-th power and then integrating over E, we obtain 

/ [£ q ASE~ m/q (®f))(x)] P do-(x) (6-250) 

JE 

<C f [M E {\f\ q ){xj\«do-{x) + C f [(M E f)(x)] p da(x)<C [ \f\ p da, 

JE JE JE 

where the last inequality in ()6.250p uses the boundedness on L p (E,o~) and L p ^ g (E,a) of the 
Hardy-Littlewood maximal operator M E (here we make use of the fact that in the current case 
p > max{g, 1}). This shows that (|6.248j) holds assuming (j6.249|) . 

Returning to the proof of (|6.249[) . fix / S L P (E, a) along with r > and xq S E. For some 
finite constant c > to be specified later, set A := E n i? p# (xo, r) and cA := E n B p# (xq, cr), 
then write / = /1 + /2, where /1 := /1 C A and fa := fl E \ c A- First we estimate the contribution 



dist p Az,I) 



— da{z) da{x) 



(6.246) 
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from fi by writing 



^ / \{Qh){x)\«5 E {xyv-^ dn{x) 

JT K {A) 



< / l(©/i)(*)l^(*r- (m - d) dp{x) 

< I ( / K /l)(2/)l 9 ^(y) 9 ^ m ^(y)) d<j{x) 
K ' Je vr B (i) 7 

= c||< K (^ m/9 (@/i))IIL ( ^ ) < sfe /j/iN- 

= A/ l/r^<CM £ (|/|». (6.251) 

For the second inequality in (|6.25ip we have used (|6.58p . Lemma 16.31 and the fact that 
(E,p\ E ,a) is a d-dimensional ADR space, while the third inequality follows from (j6.247j) used 
with r := q £ (l,p ). 

To treat the term corresponding to /2, observe that if c > C p , then for every y G E \ c A 
we have cr < p#(y,xo) < C p max{/j#(y, w), p#(w, xq)} < C p p#(y,w) for every w G A. Hence, 
E \ cA C {y G E : p#(y,w) > r} and p#(y,xo) f» p#(y,w), uniformly for y G i? \ cA and 
me A. Furthermore, for every z G T K (A), we have 

P#(y,x ) < C p max{p # (y,z),p # (z, x )} < C p max{p # (y, z), (1 + k)5 e (z)} 

< Cp # (y,z). (6.252) 

Based on these considerations as well as (|3.2p and (|3.20p . if z G T K (A) we may write 

p#(^,y) c 



E\cA 

y&E, p # (?/,u;)>r 

< CSe }*1 — (M E f)(w), uniformly for w G A. (6.253) 



Thus, (|6353l) implies 



|(9/ 2 )(z)| < C5E } z) ~ a mUM E f)(w), Vz G T«(A). (6.254) 

In concert with (|6.25p and Lemma 13.61 (which uses v — a > 0), estimate ()6.254p further yields 

i 

qv ~ {m -^ dp(z) " 
C - 



^ / |(e/ 2 )(z)rfe(z)^-^- d ^ M (z 
1 ; Jt k (a) 



< 



< 



B p# (x ,Cr)\E 

C inf (M E f)(w) < C+ M E fda < CM E (M E f)(x ). (6.255) 

w&A J A 
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Now fOi} follows from (lOoT]) and (^253]) in view of (f6^7|) and the fact that £ 9i(t o m/9 9) 
is, in the current case, sub-linear. 

In summary, the analysis in this case proves that, under the assumption (|6.212p . estimate 
(I6.210j) holds whenever 1 < q < p Q < oo and q < p < oo. 

Case 3: Assume that q G (l,oo) is such that (|6.21ip holds. We claim that 

£q, K ° (5 E ~ m/q Q) ■ L p (E, a) L p (E, a) is bounded for q < p < oo. (6.256) 

The proof of (16.256P largely parallels that of (16.248p . More specifically, the only significant 
difference occurs in the third inequality in (|6.251 j) which, this time, follows directly from 
(|6.21ip . Once this has been established, the equivalence (I6.102P in Theorem 16.101 and the 
current assumption yield (|6.210p for the range p G [q, oo). 

Case 4: Assume < p < 1 and q G [p, oo), and suppose that 

*f q ,n o (5 v ~ m/q Q) : L q (E, a) -»• L q (E, a) is bounded. (6.257) 

In this case, we shall prove that there exists C G (0, oo) such that 

||^4q jK ((5^ m ^ q @(a)) \\ P LP ( E a \ < Cj for every p- atom a. (6.258) 

With this goal in mind, fix a p-atom a and let xq G E and r > be such that the conditions 
in (I6.199P hold. In particular, 

supp a C B p# (xo,C p r). (6.259) 

Then, for some finite constant c > 1 to be specified later, and with A := E D -B p# (xo,cr), we 
have 



\\A q 4 S T m/q@ ( a ))\\UE,a) = j A {j r x \(&a)(y)\ q 5 E (yr- m d^y)yda(x) (6.260) 

+ / (/ \(Qa){y)\ q 5 E {yr- m d^y)) l da{x)=:h + h. 

Using Holder's inequality (with exponent qjp > 1), the fact that (E, p\ E , o~) is a d-dimensional 
ADR space, ()6.257p . and ()6.199p . we may write 



\(Qa){y)\H E {yr- m dp{y))da{ X ) 

r„(*) 



h < C 

J a vr s (i) 

f>-m/qa(„\\ \\P A 1 -^ ) < n\\ n \\P . . <*U-- 



d(l-z) 



< C\\A q , K (*E m,q ®(*)) Wl^ r a V~> < C\\a\f Lq(Eta) r*V"> < C, (6.261) 

for some finite C > independent of a. We are left with estimating I2. First, we look for a 
pointwise estimate for Qa. Fix x G E\ A and y G r K (ic). Then for every z G En B p# (xQ,C p r) 
we have 

P#(^o,^) < C> < \p # (x,x Q ) < ±C p C p# max{p # (x,y),p # (y,x )} 

< ~ C p Cp max{(l + K)5 E (y),p#(y,x )} 

< ±CpCp(l + K)p # (y,x ). (6.262) 
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Now, based on this and (|2,14p . by choosing c sufficiently large we conclude that 

p(z,x ) < \p{y,x Q ) for every z G E n B p# (x , C p r). (6.263) 

At this point, we may use the last condition in (|6.199p . ()6.259p . (|6.263[) . ()6.208p . the second 
condition in (|6.199p and the fact that (E, p\ E , a) is a d-dimensional ADR space in order to 
obtain 



\(Qa)(y)\ 



E 



[0{y, z) - 9(y, x )]a(z) dcr(z) 

[G(y, z) - 0(y, x )]a(z) da{z) 



EnB p# (x ,C p r) 

< C / — 2 — ; -3- — : \a(z)\aa(z) 

J _ p#(y,x ) d+v + a - a 1 v M v ' 

EnB p# (x ,C p r) 

< C2^- a 5 E (y)- a ! P#(^,Jo) 7 \ a { z )\da{z) 

J p#(y,x ) d +v- a +y 1 v n K ' 

EnB p# (x ,C p r) 

< C-^i -r- — , Vyer K (x). (6.264) 



My) < Cr( rr+*i(i-i) r 6 E {y)« v -4- m 



In turn, ()6.264p yields 

r«(x) OE{y) m qv Jv K {x) p#(y,x ) q{d+v a+1) 

gr+gd(i-i) 

< C—, — I— , Vx£E\A, (6.265) 

where for the last inequality in ()6.265p we applied Lemma 16.161 Estimate (|6.265p used in I2 
further implies 



r < CrJ n+ P d{H) ( 

J E \AP#(x,x )P d +P^ 



< C rPd+P ^ d = C ' ( 6 - 266 ) 

where the last inequality in (|6.266p is a consequence of (|3.20p (used with / = 1) and the fact 
that p(d + 7) > d. Now ([fT258jl follows from (163601) . (IQHll and (IfOMjl . 

Case 5: Assume ^pj; < p < 1 < <Z < 00, and suppose that ()6.257p holds. Then we claim 
that 

^- m/9 6 : Hb, <t) -> i>9>(.r, £, /i, a; k) is bounded 

(6.267) 

whenever < p < 1 < q < +00. 
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To proceed with the proof of this claim, fix p and q as in (|6.267j) and define the sets 

^ (E,p\ E ) := {/ G ^(E,p\ E ) : f has bounded support and J E f da = o} (6.268) 

and 

{^ (E, p\e) if E is unbounded, 
(6.269) 
^ (E,p\ E ) U {1 e } if E is bounded. 

Then letting 

T>q(E) : = the finite linear span of functions in F{E), (6.270) 
we shall show that 

V Q (E) is dense in H P (E, p\ E ,(r). (6.271) 

Indeed, since finite linear spans of p-atoms are dense in H P (E, p\e,ct), the density result for- 
mulated in (I6.27ip will follow once we show that individual p-atoms may be approximated in 
H P (E, p\e,ct) with functions from Vq(E). To prove the latter, recall the approximation to the 
identity of order 7 as given in Proposition 12.141 and observe that from the properties of the 
integral kernels from Definition 12.131 we have that S[ a G T>q(E) for every p-atom a and each 
I G N. This and [481 Lemma 3.2, (hi), p. 108], which gives that 

{5/}z e N is uniformly bounded from H P (E, p\ E ,v) to H P (E, p\e, cr) and 
Srf^f in H p (E,p\ E ,a) as/ ^+00, V / G H*>{E, p\ E , a), 

now yield the desired conclusion, finishing the proof of (16.27ip . 
The next task is to prove that there exists C G (0, 00) such that 

K~ m/q Gf\\LM{x,E, m ) < C\\f\\ H p(E >P \ E ,a), V/ G V (E). (6.273) 

Assume for the moment (|6.273j) . Then, it follows that the linear operator 5 E m ^ q Q is bounded 
from T>q(E) into L^ p ' q \^ , E, p, a; k). Based on this, ()6.27ip and the fact hat the mixed-norm 
spaces are quasi-Banach (see [62], [9]), it follows that 5 E m ^ q Q extends in 

a standard way to a linear operator from H P (E, p\e,ct) into L^ p ' q \^ , E, p, a; k). Since the 
latter spaces are only quasi-normed, to show that this extension is also bounded we use the 
following property of quasi-normed spaces (for a proof see |60t Theorem 1.5, (6)]) 

if (X, || • ||) is a quasi-normed vector space, then 3C G [l,oo) such that 

if Xj — > x* in X as j — > 00, in the topology induced on X by || • ||, then 274) 

C ||x*|| < liminf ||xj|| < limsup \\xj\\ <C||x*||. 



j-s>oo 



J-5-OO 



In summary, the boundedness claimed in ([6.267j) follows, once fj6.273[) is proved. 

With the goal of establishing (16.2731) . fix a function / G ^ (E,p\ E )- By [48, Proposi- 
tion 3.1, p. 112], we have that 

/ 00 si/p 

3 {\j) jeN G £ p , 3 {aj) je ® p-atoms, such that ( £ \Xj\ p J < C\\f\\ HP{Et p\ Et(T ) 

3=1 ' (6.275) 
and f = Yl ^j a j both in H P (E, p\ E ,cr) and in L q (E,a), 
3=1 
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for some C G (0, oo) independent of /. Also, from our assumption (|6.257j) we deduce that 



cv-m/q a , 



G : L q (E, a) -> L (m) {3C , E, fi, a; k) is linear and bounded. (6.276) 
Combining (|6.276j) with (|6.275|) it follows that, with / as above, 

N N 



N 



3=1 



lim ri-C^etij in /i,<7;«). 



Af-s>oo 



3=1 



3=1 

Granted this, we may apply [62j Theorem 1.5] to conclude that 

3 (iVfc)fc g N, iVfc /* +oo as — > +oo, such that 

^j&E m ® a j ~^ $e Q/ pointwise /i-a.e. on \ i? as k — > +oo. 

3=1 



(6.277) 



(6.278) 



Since we are currently assuming that 0<p<l<(7<oo, an inspection of definition (16.11ft of 
the quasi-norm for the space , /i, <t; k) reveals that || • ||^(p,g)/^- E is subadditive. 

As such, for each k G N, we may estimate 



3=1 



< £||vr m/9 © 



3=1 
3=1 



5 E @ aj 



i(p.9)(jr,B,/i,o-;re) 



3=1 



(6.279) 



where for the last inequality in (16, 279ft we used estimate (16. 258ft (note that the assumptions in 
Case 4 are currently satisfied). Next, introduce 



N k 



F k :=Y^ Aj- 5 v E m/q Q aj , VfceN. 

3=1 



(6.280) 



To proceed, observe that Fatou's lemma holds in the space L^ p ' q \^' , E, fj,, a; k) (this is seen 
directly from (|6.11ft by applying twice the classical Fatou's lemma in Lebesgue spaces). When 
used for the sequence {-FfcjfceN) this yields 



cV—m/q 



< lm^llFfcll^^^^Cll/llfl,,^!^. (6.281) 
The equality in ([6.281ft is a consequence of (|6. 278ft and the fact that 

IMIz(p.«>(<r,E >/w <) = II M lli>.«>(.r,E,M,<T;«)> yu G L( p ' q X$r,E,n,a;K), (6.282) 
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the first inequality is due to Fatou's Lemma and (|6.282p . while the last inequality follows from 
([OiTgD , USA]) and ([63T5]) . 

At this stage, we have established (|6.28ip for any function / G ^ (E, p\e), so in order to 
finish the proof of (|6.273p there remains to consider the case when E is bounded and f = 1e- 
In this setting, since E is <i-dimensional ADR, we have <r{E) < oo, and we may write 

II s-u— m/q^^ || || > I i°~ m llr\-i \\\ 

\\ d E Wls llL(P^)( t r, J B,^ ( T; K ) - IK9>«°l d £ W1s ;IIlp( j B, (J ) 

< a(£;)i4|| <K o(^ei s )|| w(£)CT) 

< Co-(£)p = C < +00. (6.283) 

The first inequality in (I6.283[) uses Holder's inequality for the integrability index q/p > 1, while 
the second inequality uses (|6.257[) . Now (|6.2T3[) follows by combining (|6.28ip and (|6.283[) , and 
with it the proof of (16.267P is finished. In particular, (I6.273P may be rewritten as 

<k o {5 v E - m/q e) : HP(E, p\ E ,a) -> D>{E, a) is bounded ^ 
whenever < p < 1 < q < +00, and ()6.257p holds. 

The end-game in the proof of part (/) in the statement of the theorem is now as follows. 
Assume first that q G (l,oo), p Q G {q,oo) are such that (16.212)) holds for every / G LP°(E,(j). 
Based on these assumptions and Case 1 we conclude that 

*fq,* {5 V E~ m/9@ ) : LP ( E ^) -> L p {E,a) is bounded whenever p G (l,p„). (6.285) 
In particular, (|6.285j) with p := q G (l,p G ) and (|6.284[) yield 

^ g ,« (^ _m/9 G) : H p (E, p\ E ,o) -»■ <t) is bounded if ^ < p < 1. (6.286) 

To proceed, fix an exponent 

Pa G (9,Po). (6-287) 

Then (|6.285p corresponding to p := p' Q together with Case 2 used here with p Q replaced by p' Q 
imply that 

■s^ q ,K {S E ~ m/q Q) : L p (E, a) -> ^(£7, a) is bounded for each p G (g, 00). (6.288) 

Now the claim in part (J) in the statement of the theorem corresponding to the current working 
hypotheses follows from (I6T285D . (|6.286|) . and (I6T288D . 

There remains to consider the situation when g G (1, 00) is such that (16.2111) holds. From 
Case 3 we know that (|6.210p is valid in the range p G [q, 00). Then in combination with Case 1 
(used with p Q := q G (l,oo)), this gives that 

*fq, K (^T m/9 e) : L P (E, a) -»• L P (E, a) is bounded for each p G (1, q]. (6.289) 

Now reasoning as before we obtain that (|6.286|) holds. In summary, the above analysis shows 
that (|6.210p is valid in the range p G (3^,00), under the assumption that q G (l,oo) is 
such that (|6.21ip holds. This concludes the proof of part (I), and finishes the proof of the 
theorem. □ 



128 



The second main result in this subsection is a combination of Theorem 16.121 and Theo- 
rem [67T8J 



Theorem 6.20. Suppose that d,m are real numbers such that < d < m. Assume that 
(J%~,p,p) is an m- dimensional ADR space, E is a closed subset of (X ,r p ), and a is a Borel 
regular measure on (E,r p \ E ) with the property that (E, p\ E ,a) is a d-dimensional ADR space. 
In addition, suppose that O is the integral operator defined in (|3.4p with a kernel 9 as in (13. ip . 
(|3.2p . (|6.208p . Finally, fix k > and recall the exponent 7 from (|6.209|) . 

If there exist p Q G (0, 00) and a finite constant C > such that for every f G IP°{E, a) 



sup 

A>0 



A rr(^x G E : j 



l(©/)(y)l 2 



d/j,(y) 



ir K (x) S E (y) 
then for each p G (^^, 00) there holds 

dfi(y) 



m—2v 



> A 



< C 



LP°(E,cr)i 



(6.290) 



l(e/)(y)|' 



r„(x) 



Se(v) 



m~2v 



<C\\f\\ H v {E>P \ B ,a), VfeW(E,p\ E ,tT), (6.291) 



where C > is a finite constant which is allowed to depend only on p, C Q , k, Cq, and geometry. 

Proof. The assumption that the operator ^4 2 ,k {S E ~ m ^ 2 @) : L Po (E,a) ->■ LP°>°°{E,o) is 
bounded implies that (|6. 146|) holds. Consequently, Theorem 16.121 applies and yields that 
•M, K {S E ~ m ^ 2 Q) : L 2 (E,a) — > L 2 (E,a) is bounded as well. With this in hand, part (I) 
in Theorem 16.181 (pertaining to condition (|6.21ip with q = 2) applies and gives that (|6.29ip 
holds for every p G (^-,00) . □ 



7 Conclusion 

Theorem 1 1 . 1 1 assert s the equivalence of a number of the properties encountered in the body of 
the manuscript. A formal proof is presented below. 

Proof of Theorem \l.l[ The fact that (1) => (2) is a, consequence of Theorem 13.21 It is easy to 
see that if (2) holds, then (7) holds by taking b Q := 1q for each Q G B(E), hence (2) (7). 
The implication (7) => (1) is proved in Theorem 13.71 The implication (9) (1) is proved in 
Theorem [OJ Moreover, (!)-&■ (9) <3> (10) by Theorem S3) The implication (11) => (12) is 
proved in Theorem 16.201 Clearly (12) (11), while (11) =>■ (1) is contained in Theorem 16. 121 
To show that (1) => (11), suppose (1) holds and take / G L 2 (E, a) and A > arbitrary. Then 
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starting with Tschebyshev's inequality we may write 



T K (x) 

J{xeE:f rKlx) Ke/)(y)p , g( d ;;L y U >a 2 ) vr.M ^(y) m 2uy 



< 



2 



<C f \(&f)(y)\ 2 S E (y) 2v -^ dp(y) 

JX\E 

<C||/IIW)- (7-1) 

The third inequality in (|7.ip is due to (|6.58|) (recall (|6.17p ), the fourth uses (|6.32p in Lemma 1531 
the fifth uses the fact that {E, p\ E , a) is a d-dimensional ADR space, and the last inequality 
is a consequence of (jl,26p . Thus, (1) (11) as desired. Since (|1.36p is a rewriting of (|1.35p . 
it is immediate that (12) 44> (13). In summary, so far we have shown that (1), (2), (7), (9), 
(10), (11), (12), and (13) are equivalent. 

The implication (6) (4) is trivial and, based on (j2.145j) . we have that (4) =>• (2). We 
focus next on (1) => (6). Suppose (1) holds and fix / G L°°(E,a), x £ E, and r 6 (0, oo) 
arbitrary. Then, using the notation B cr := £> p# (x, cr) for c > 0, we may write 

I \ef\H 2 r {m ~ d) < I \&(fi EnB2rCp )\% v - {m - d) dp 

JB r \E J B r \E 

+ / \e(fiE\B 2rCp )\ 2s E Hm ' d) d » =■ 1 + 11 ■ ( 7 - 2 ) 

To estimate / we apply (jl.26p and the property of E being (f-dimensional ADR to obtain 

I<C I \f\ 2 da < C\\ff Lx{Eta) a(E n B r ). (7.3) 

JEr\B 2rCp 

As regards II, we first note that \{ z £ B r \ E and y £ E \ B^rCp are arbitrary points then 
P#(x,y) < C p {p # {x,z) + p#(z,y)) < C p r + C p p # {z ,y) < \p # (x,y) + C p p # (z,y) which implies 
P#{z,y) > p#{x,y)/(2C p ). This, 031) . and (|3T20l) then yield 

Mfl E \B 2rCp )(z)\ < CH/IUoo^) / - l—d^) 

j E\B 2 rc p ^#v J/ ; y 7 

< CII/IIl-^)^" 1 ', VzeB r \E. (7.4) 
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Using this last estimate in II and applying (|3.22p (with R := r and 7 := m — d — 2v) we obtain 

U < C\\ff Loo{E;a) r^ [ 5 2 r [m - d) dn 

JB r \E 

< C\\ff Loa{Eta) r- 2v r d+2v < C\\f\\l^ a) a(E n B r ). (7.5) 

At this point, (OP follows from (fT2|) . (1731) . and ([73]) . completing the proof of flj => 
Based on (|2.145l) we have that (6) =>• (3) while (^) => (2) is trivial. 

Next, we shall show that (8) =4> f7). To this end, suppose (8) holds and let e Q := min{e, ao}, 
where e is as in Lemma 12.231 and ao as in (|2.50p . Fix an arbitrary Q E O(E) and define 

A Q := B p# (xq, n E. Then (I2301) . (I2.147p and the fact that E is d-dimensional ADR 

imply 

AqQQ, B w (x Q ,^(Q))\£CT £ (g), a(A Q )^a(Q) = C£(Q) d . (7.6) 

Hence, if we now define 6q := 0Aq 5 where &Aq is the function associated to Aq as in (8), 
then 6aq satisfies (jl.33p which, when combined with the support condition of b& Q and the last 
condition in (|7.6p . implies that 6q satisfies the first two conditions in (|1.32|) (with Q = Q). In 
order to show that 6q also verifies the last condition in (|1.32p . we write 

/ \(Qb Q )(x)\ 2 5 E (x) 2 ^ m - d U^x) 

JT E (Q) 

\(eb Q )(x)\ 2 5 E (x) 2 ^ m - d U^(x) 

T E (Q)\B P# [x Q ,E i{Q)) 

+ [ . \(Qb Q ){x)\ 2 5 E {x) 2 ^ m - d U^x)=:h+I 2 . (7.7) 

JB P# (x q ,£ £(Q)) 



To further estimate I2, observe that if x G T E (Q) \ B Pifi [xQ,e £(Q)) and y G Aq, then 
p#(x,y) > -§fj- p t{Q!)- This, (jl.23p . the first estimate in (jl.32p . and the last condition in (|7.6|) . 
imply |(G6q)(x)| < C£(Q)~ V for every x G T E (Q) \ B p# (xq,e £(Q)). Hence, if we also recall 
(|2.145p we have 



< C£(Q)- 2v / ^(x) 2 ""^ d/i(x) 

JT e (Q)\B p# (x Q ,e e(Q)) 



< C£(Q)- 2v / , , fe(x) 2 ^( m - d )^(x) 

JB P# (z Q) CI(Q))VE 

< C£(Q)- 2v e(Q) d+2v < Ca(Q), (7.8) 

where the third inequality in (|7.8p is a consequence of ()3.22p (applied with R = r = £{Q) 
and 7 := m — d — 2v). As for I2, by recalling (jl.33p and the last condition in (|7.6p . it is 
immediate that I2 < Co<t(Aq) < Ca(Q). This, (|7.7p and (|7.8p show that 6q also satisfies the 
last condition in (ll.32p since the constants in our estimates are finite positive geometric, and 
independent of the choice of Q. This completes the proof of (8) =4> (7). 

It is not difficult to see that (1) =4> (8). Indeed, by taking b& := 1a for each surface ball A, 
the first two estimates in (11.330 are immediate while the third one is a consequence of (I1.26P 
written for / := 6a- 
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Trivially, (2) => (5). If we assume that (5) holds and for each Q E H(E) we set 6q := 61q, 
then it is easy to verify based on (jl.30p and the fact that b is para-accretive that (jl.32p is 
satisfied by the family {bQ}Q & jj,^)- Hence, (5) =>(7). The proof of Theorem 11.11 is therefore 
complete. □ 

In the last part of this section we present the 

Proof of Theorem \1.2\ The idea is to apply Theorem 16. 181 in the setting S£ := E x [0, oo) and 
E = E x {0} (i.e., we identify (y,0) = y for every y E E). Moreover, we let 

P((x,t), (y,s)) := max{|x - y\,\t - s\} for every (x,t), (y, s) E E x [0, oo), (7.9) 

M:=<r®£\ (7.10) 

where C 1 is the one-dimensional Lebesgue measure on [0, oo), and consider the integral kernel 

0: (&\E) xB^I 

6((x,t),y) := 2- k ^ k (x-y) if x,y £ E,t > and k e Z, 2 k <t<2 k+1 . 

Also, we let be the integral operator defined in (|3.4p corresponding to this choice of 8. Then 
it is not difficult to verify that (^,p,fj,) is a (d + 1)-ADR space, that a p = 1, that 6 satisfies 
(|3.ip - (|3.3p for a := 0, a := 1, v := 1, and that 5e(x, t) = t for every x £ E and i E [0, oo). In 
particular, 7 defined in (I6.209P now equals 1. Fix some k > and observe that 

T K (x) = {(y,t) E E x (0,oo) : \x - y\ < (1 + «)*}, Vi 6 J?. (7.12) 

In this context, for / E L 2 (E,a), we consider the square of the term in the left hand-side of 
(|6.211|) corresponding to p = q = 2 and use Fubini's Theorem, the property that E is d-ADR, 
and ()7.1ip to write 

2 



(7.11) 



r K ( x ) 



l(e/)(y,t) 



dp{y,t) 
&E{y,t) d - 1 



L%{E,a) 



e Jr K (x) 



\(Qf)(y,t)\ 2 t^ d dp(y,t)da(x) 



L 
L 



Ex (0,oo) 



|(G/)( 2 /,t)| 2 i 1 - d a({x E £ : y E T K (x)}) d/zfot) 



Ex (0,oo) 



I (G/)(y, i)| 2 1 d a[E n B(y, (1 + «)*)) d/zfe, t) 



\(Qf)(y,t)\ 2 tda(y)dt 



c E 



+00 /■2 fc "'" 1 



2~ k ^ k {y- z)f{z)da(z) da(y)tdt 



^E 



V>fc(y - <M^) der(y). 



(7.13) 



However, under the current assumptions on E 1 , it was proved in |25l Theorem, p. 10] that there 
exists C E (0, 00) with the property that 

+00 



E 

fc=— 00 



tpk(x - y)f(y) da(y) da(x) < C 



I l/l 1 

JE 



da, Vf£L 2 (E,a) 



(7.14) 
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Hence, we may apply Theorem 16. 181 to conclude that there exists C G (0, oo) such that estimate 
(|6.210p is valid for every q G (l,oo) and every p G (^-,oo). In turn, reasoning as in (|7.13p . 
estimate (|6.21(jp may be rewritten in the form 



+oo 



E / 

fc= _ 0O '' yeA(*,(l+*)2*) 



5 \ 1/9 

^k{z -y)f{z)da{z) da(y) 



<C\\f\\HP{E,v) (7-15) 



l£(-B,<t) 



for every / G H p (E,a) and some C" G (0,oo) independent of /. The desired conclusion 
now follows by observing that if q G (1, oo) and p G (^py,oo) are fixed, then there exists 
some C G (0, oo) such that (|1.38j) holds for every / G H p (E,a) if and only if there exist 
k,C G (0, oo) such that estimate (17.15P holds for every / G H p (E,a). Indeed, one direction is 
obvious, while the opposite one may be handled by observing that if -0 G Cq° (R n+1 ) is odd then 
ip{x) := ip(x/2 N ), for some fixed sufficiently large N G N, is also odd, smooth and compactly 
supported, and satisfies ipk = 2 dN ipk+N for every k G Z. Writing (]7. 15|) for ip in place of ip and 
shifting the index of summation in the left-hand side, the desired conclusion follows. □ 
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